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Abstract— Extremely large-scale multiple-input-multiple-
output (XL-MIMO) is an emerging transceiver technology
for enabling next-generation communication systems, due
to its potential for substantial enhancement in both the
spectral efficiency and spatial resolution. However, the
achievable performance limits of various promising XL-MIMO
configurations have yet to be fully evaluated, compared, and
discussed. In this paper, we develop an effective degrees of
freedom (EDoF) performance analysis framework specifically
tailored for near-field XL-MIMO systems. We explore five
representative distinct XL-MIMO hardware designs, including
uniform planar array (UPA)-based with infinitely thin dipoles,
two-dimensional (2D) continuous aperture (CAP) plane-based,
UPA-based with patch antennas, uniform linear array (ULA)-
based, and one-dimensional (1D) CAP line segment-based
XL-MIMO systems. Our analysis encompasses two near-field
channel models: the scalar and dyadic Green’s function-based
channel models. More importantly, when applying the scalar
Green’s function-based channel, we derive EDoF expressions
in the closed-form, characterizing the impacts of the physical
size of the transceiver, the transmitting distance, and the
carrier frequency. In our numerical results, we evaluate and
compare the EDoF performance across all examined XL-MIMO
designs, confirming the accuracy of our proposed closed-form
expressions. Furthermore, we observe that with an increasing
number of antennas, the EDoF performance for both UPA-based
and ULA-based systems approaches that of 2D CAP plane and
1D CAP line segment-based systems, respectively. Moreover,
we unveil that the EDoF performance for near-field XL-MIMO
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systems is predominantly determined by the array aperture size
rather than the sheer number of antennas.

Index Terms— XL-MIMO, effective degrees of freedom, near-
field communication, polarization effect.

I. INTRODUCTION

THE rapid development of wireless communication has
sparked considerable research interest in beyond fifth-

generation (B5G) and sixth-generation (6G) wireless com-
munication networks. Compared to existing 5G networks,
6G networks are anticipated to exhibit dramatically enhanced
communication capabilities, such as a 100-fold increase in
peak data rate (reaching the Tb/s level), a tenfold reduc-
tion in latency, and an end-to-end reliability requirement
of 99.99999% [1], [2], [3]. To attain the aforementioned
communication capabilities and satisfy various stringent com-
munication demands, a variety of promising technologies
have been widely studied, such as extremely large-scale
multiple-input multiple-output (XL-MIMO) [4], [5], [6], [7],
reconfigurable intelligent surfaces (RIS) [8], [9], [10], [11],
and artificial intelligence (AI)-aided intelligent networks [12],
[13]. Among these technologies, XL-MIMO is regarded
as an evolutionary paradigm in MIMO technology, which
embraces an extraordinarily large number of antennas and
supremely large array aperture, thereby facilitating effective
communications [4], [5].

The fundamental concept of XL-MIMO involves utilizing
arrays with extremely large aperture, achieved by deploying an
extremely large number of antennas, e.g. thousands of anten-
nas [4]. In practice, XL-MIMO can be classified into three
main categories: uniform linear array (ULA)-based, uniform
planar array (UPA)-based, and continuous aperture (CAP)-
based designs. Specifically, the ULA-based design exhibits
one-dimensional (1D) array characteristics similar to those of
conventional massive MIMO systems [14], [15], [16], but with
a significantly higher number of antennas, such as 512 anten-
nas or even thousands. As for the UPA-based design, typically
involving a rectangular or square plane array with thousands of
antennas, exhibits two-dimensional (2D) array characteristics.
Two prevalent forms of the antenna element are commonly
considered in the literature: sizeless infinitely thin dipoles [17]
and patch antennas with a certain physical size [18]. This
2D planar array has been widely studied in full-dimension
MIMO technology, which is viewed as an vital enabler of
late fourth-generation (4G)/early 5G wireless networks. This
2D planar array has been widely studied in full-dimension
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MIMO technology, which is considered a vital enabler of late
fourth-generation (4G) and early 5G wireless networks [19],
[20]. In full-dimension MIMO, antennas are placed in a 2D
grid at the base stations. Moreover, the CAP-based design
represents a novel scheme characterized by an approximately
continuous array aperture. This design, facilitated by meta-
materials, achieves an extremely dense deployment of an
approximately infinite number of antennas [21]. Different from
other XL-MIMO designs, the CAP-based XL-MIMO design
leverages spatially-continuous electromagnetic (EM) charac-
teristics that requires integral-based signal processing and
performance analysis techniques. These general XL-MIMO
configurations have sparked extensive research efforts. Note
that one distinguishing characteristic in XL-MIMO systems
is the consideration of near-field characteristics, aided by
spherical waves, in contrast to the planar wave EM charac-
teristics considered in conventional far-field based massive
MIMO systems [4], [22], [23]. In fact, the EM spheri-
cal wave characteristics can be described by the Green’s
function-based channel model [4], [24]. Based on the spherical
wave characteristics, numerous studies have focused on near-
field XL-MIMO systems: near-field channel modeling [25],
[26], [27], near-field channel estimation [28], [29], [30],
near-field beamforming [31], [32], and near-field resource
allocation [33], [34].

To highlight the advantages of near-field XL-MIMO sys-
tems, it is imperative to study their performance limits.
Degrees of freedom (DoF) is recognized as an important per-
formance metric for wireless communication [35]. In general,
the number of DoF can be regarded as the dimension of the
signals’ space available for communication [35]. Mathemat-
ically, the rigorous definition of the number of DoF, up to
an accuracy ϵ > 0, was defined in [35] as the index of the
smallest ordered eigenvalue that falls below an arbitrarily small
threshold ϵ. Following this definitive standard, many works
have endeavoured to explore the DoF performance for MIMO
systems [36], [37], [38]. In MIMO systems, the number of
DoF can be regarded as the number of independent signal
dimensions over a wireless channel, which can be applied
for transmitting information. As observed in [37, Fig. 2],
the eigenvalues of the MIMO spatial channel exhibit a step
function-like behavior, thus an accuracy level ϵ > 0 can be
also included to quantify the number of eigenvalues above
this accuracy level. More specifically, the insightful Landau’s
eigenvalue theorem was applied in [37] and [38] to derive the
number of eigenvalues above an accuracy level ϵ > 0.

It is worth noting that these works focusing on the DoF
analysis for MIMO systems [36], [37], [38] pose very rig-
orous derivations of the DoF. However, these results rely
on demanding mathematical and sampling backgrounds, and
are not easy to exploit for tractable performance analysis of
MIMO systems. Indeed, it is promising to provide handy and
tractable DoF performance analysis framework for MIMO
systems. In near-field XL-MIMO systems, relying on the
extremely large array aperture, extensive simulation results
demonstrate that the characteristic of the ordered eigenvalues
of the channel can be divided into two stages. In the first stage,
the singular values maintain approximately constant and then,

at one particular singular value, sharply degrade approaching
to zero as illustrated in [22, Fig. 7]. This phenomenon is
not isolated but corresponds to a similar step function-like
phenomenon as in [36], [37], and [38], and the decay of
singular values becomes very sharp due to the extremely large
number of antennas. Exploiting this characteristic, the index
of the singular value, where sharp decay begins, is defined
as effective DoF (EDoF) in extensive works on near-field
XL-MIMO systems [39], [40], [41], [42], [43]. Relying on
the characteristic of these singular values, an approximate
estimation of the EDoF, as will be shown in (7) below,
is widely studied due to its intuitive form and tractable
potential. In summary, the EDoF concept can be viewed as
an approximate mathematical solution for determining the
number of dominant singular values or sub-channels in these
systems. More importantly, this concept not only corresponds
to the rigorous definitions in classical related works [35], [36],
[37], [38] but also offers an intuitive and tractable formulation.

Based on this concept, the EDoF performance analysis for
different XL-MIMO designs has been implemented. For 1D
XL-MIMO designs, the authors in [41] proposed an EDoF
analysis framework for ULA-based and 1D CAP line segment-
based XL-MIMO systems, utilizing the scalar Green’s
function-based channel. Building upon this framework, the
authors in [42] derived closed-form EDoF expressions for both
the ULA-based and 1D CAP line segment-based XL-MIMO
systems over the scalar Green’s function-based channel. Sub-
sequently, they compared the EDoF performance between
these two XL-MIMO designs. As for the 2D XL-MIMO
design, the authors in [40] investigated the EDoF performance
for UPA-based XL-MIMO systems with infinitely thin dipoles,
exploring both scalar and dyadic Green’s function-based
channels. The findings in [40] revealed that employing the
dyadic Green’s function-based channel could potentially dis-
cover more inherent EDoF compared with the scalar Green’s
function-based channel. This improvement can be attributed to
the inclusion of triple polarization effects in the dyadic channel
model. Further expanding the research scope, the authors
in [43] proposed an EDoF performance analysis framework
for 2D CAP plane-based XL-MIMO systems. This framework
leveraged the asymptotic analysis technique and the EDoF
performance was compared between 2D CAP plane-based
XL-MIMO systems and UPA-based XL-MIMO systems with
infinitely thin dipoles.

The existing research on EDoF performance analysis has
been conducted separately, focusing solely on one or two
specific XL-MIMO hardware designs. However, it is vital
to comprehensively exploit and compare the EDoF per-
formance for all promising XL-MIMO designs to provide
insightful guidelines for evaluating EDoF performance for
XL-MIMO [4]. Additionally, in practice, BSs are typically
equipped with plane-based antenna arrays, which are flexible
to deploy and effective to utilize the full-dimension spatial
resources to enhance system performance. However, taking
the CAP-based XL-MIMO system as an example, compared
with 1D XL-MIMO systems, analyzing the EDoF performance
for 2D XL-MIMO systems poses significant computational
complexity due to the involvement of solving octuple integrals.
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TABLE I
COMPARISON OF RELEVANT PAPERS WITH OUR PAPER

Therefore, the derivation of EDoF closed-form expressions
becomes essential to facilitate efficient performance analysis
of XL-MIMO systems. Note that existing EDoF closed-form
expressions tailored for 1D XL-MIMO systems involve the
computation of quadruple integrals [42]. In contrast, deriving
similar expressions for 2D XL-MIMO systems poses signif-
icantly greater computational hurdles, primarily due to the
complexity introduced by octuple integrals. Thus, a closed-
form analytical framework for the EDoF performance of 2D
XL-MIMO systems is highly anticipated. Motivated by the
above observations, we study the EDoF performance for near-
field XL-MIMO systems in this paper. The comparisons of
relevant papers, working on the EDoF analysis of near-field
XL-MIMO systems, with this paper are summarized in Table I.
The main contributions are given as follows.
• We investigate the EDoF performance analysis frame-

work for evaluating the performance of five representative
XL-MIMO designs: UPA-based with infinitely thin
dipoles, 2D CAP plane-based, UPA-based with patch
antennas, ULA-based, and 1D CAP line segment-based
XL-MIMO systems over two channel models, the scalar
and dyadic Green’s function-based channel models.

• For the scalar Green’s function-based channel, we derive
novel closed-form EDoF performance expressions for
XL-MIMO systems. More importantly, extensive simu-
lations are performed to validate the accuracy of our
derived closed-form results and highlight important sys-
tem design insights.

• We comprehensively explore and compare the EDoF
performance for all studied XL-MIMO designs. Our
observations reveal that the EDoF performance for dis-
crete XL-MIMO designs, i.e., UPA and ULA-based
XL-MIMO designs, approaches that of respective con-
tinuous XL-MIMO designs as the number of antennas
increases, i.e., 2D CAP plane and 1D CAP line segment-
based XL-MIMO designs. And the EDoF performance
can be improved by incorporating multiple polarization
and by increasing the physical sizes of the transceiver.
More importantly, the EDoF performance primarily
depends on the physical size of the array physical size
rather than the sheer number of antennas.

The rest of this paper is organized as follows. In Section II,
we study the EDoF performance for UPA-based XL-MIMO
systems with infinitely thin dipoles. Then, Section III
develops an EDoF performance analysis framework for

Fig. 1. A UPA-based XL-MIMO system with each antenna element being
a sizeless infinitely thin dipoles.

2D CAP-based XL-MIMO systems. More significantly, novel
EDoF closed-form expressions are derived over the scalar
Green’s function-based channels. In Section IV, we study the
EDoF performance for UPA-based with patch antennas, ULA-
based, and 1D CAP line segment-based XL-MIMO systems.
In Section VI, we provide extensive simulation results to
evaluate, compare, and discuss the EDoF performance for all
considered XL-MIMO designs. Finally, a brief conclusion is
drawn in Section VII.

Notation: Let boldface lowercase letters x and boldface
uppercase letters X denote column vectors and matrices,
respectively. C and R denote the set of complex and real,
respectively. We denote In×n as the n × n identity matrix. ∇x

is the first-order partial derivative operator with respect to x.
We define (·)T , (·)∗, and (·)H as the transpose, conjugate, and
conjugate transpose, respectively. mod (·, ·) and ⌊·⌋ denote the
modulus operation and the truncation operation, respectively.
tr {·} and ≜ are the trace operator and the definitions, respec-
tively. Also, we denote ∥·∥ and ∥·∥F as the Euclidean norm
and the Frobenious norm, respectively.

II. UPA-BASED XL-MIMO WITH
INFINITELY THIN DIPOLES

A. System Model

We first study the UPA-based XL-MIMO system with
infinitely thin dipoles [17], [28]. As illustrated in Fig. 1,
one transmitter and one receiver equipped with UPA-based
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XL-MIMO with infinitely thin dipoles are considered.1 The
transmitter is located in the x− y plane with its center being
the origin. The number of transmitting antennas per row, the
number of transmitting antennas per column, the horizontal
side-length, and the vertical side-length of the transmitter are
defined as MH , MV , Lt,H and Lt,V , respectively. Thus, the
horizontal and vertical antenna spacing for the transmitter can
be denoted as ∆t,H = Lt,H/MH and ∆t,V = Lt,V /MV ,
respectively. Also, the total number of transmitting antennas
is M = MV MH . Inspired by [44], let m ∈ {1, . . . ,M}
denote the antenna index row-by-row counted from the bot-
tom left of the transmitter. Thus, the horizontal and vertical
indices of the m-th transmitting antenna can be denoted as
i (m) = mod (m− 1,MH) and j (m) = ⌊(m− 1) /MH⌋,
respectively. We denote the position of the m-th transmitting
antenna by rt,m = [−Lt,H

2 + i (m) ∆t,H ,−Lt,V

2 +
j (m) ∆t,V , 0]T ∈ R3.

Meanwhile, for the receiver, let NH and NV denote the
number of receiving antennas per row and per column,
respectively. Thus, the receiver is equipped with a total of
N = NV NH antennas. Lr,H and Lr,V are the horizontal and
vertical side-lengths of the receiver, respectively. Also, the
horizontal and vertical antenna spacing for the receiver are
∆r,H = Lr,H/NH and ∆r,V = Lr,V /NV , respectively. Note
that the center of the receiver is located on the z axis with
D being the distance between the centers of the transmitter
and the receiver. Thus, the position of the n-th receiving
antenna is defined as rr,n = [−Lr,H

2 + t (n) ∆r,H ,−Lr,V

2 +
k (n) ∆r,V , D]T ∈ R3, where t (n) = mod (n− 1, NH)
and k (n) = ⌊(n− 1) /NH⌋ are the horizontal and vertical
indices of the n-th receiving antenna, respectively, with n ∈
{1, . . . , N}.

B. Channel Model

In this paper, we investigate two types of Green’s function-
based channel models: scalar Green’s function-based and
dyadic Green’s function-based channel models [4], [40], which
are efficient to describe near-field EM wave characteristics.2

1) Scalar Green’s Function-Based Channel Model: For this
channel model, the channel matrix between the transmitter
and the receiver HS ∈ CN×M is generated based on the
scalar Green’s function. Note that the scalar Green’s function
between an arbitrary receiving point r ∈ R3 and an arbitrary
transmitting point s ∈ R3 can be denoted as [40], [42]

G (r, s) =
1
4π

exp (−jκ0 |r− s|)
|r− s|

(1)

1By modelling antennas as infinitely thin dipoles, we can assume that only
a sizeless point is impinged to transmit or receive EM waves, which simplifies
the analysis. To achieve this, there are two possible approaches. First, we can
assume that the physical size of each antenna is extremely small, analogous
to infinitely thin dipoles, allowing us to treat each antenna as a sizeless point.
Second, we can assume that only a single point on each antenna element,
regardless of its physical size, is involved in transmitting or receiving EM
waves.

2Due to the extremely large-scale array aperture, the line-of-sight (LoS)
component is significantly dominant. Thus, in this paper, we assume that
only LoS channel components exist. The analysis can be easily expanded
to scenarios that include both LoS and non-line-of-sight (NLoS) channel
components by incorporating additional NLoS components in the channel
matrices [39].

with κ0 = 2π/λ and λ being the wavenumber and the
wavelength, respectively. Based on (1), the channel between
the n-th receiving antenna and m-th transmitting antenna
[HS ]nm = Gnm is generated by the scalar Green’s function
as

Gnm = G (rr,n, rt,m) =
1
4π

exp(−jκ0 |rr,n − rt,m|)
|rr,n − rt,m|

. (2)

2) Dyadic Green’s Function-Based Channel Model:
According to [4], and [40], the polarization effect should
be considered in near-field XL-MIMO systems and the
introduction of multiple polarization can benefit the system
performance. Thus, the dyadic Green’s function-based channel
model is also investigated, where the multi-polarization effect
is modeled. The dyadic Green’s function between a receiving
point r ∈ R3 and a transmitting point s ∈ R3 as G (r, s) ∈
C3×3 is given in (3), shown at the bottom of page 6, where
a⃗rs = (r− s) / |r− s| ∈ R3 is a unit direction vector. It is
worth noting that the dyadic Green’s function, denoted as
G ∈ C3×3 as in (3), can be expressed in a matrix form

G =

Gxx Gxy Gxz

Gyx Gyy Gyz

Gzx Gzy Gzz

 , (4)

where Gpq ∈ C is the scalar Green’s function between
the polarization direction p of the receiving point and
the polarization direction q of the transmitting point with
p, q ∈ {x, y, z}. Furthermore, Gpq can be denoted as
Gpq = η(p, q)G(r, s), where η(p, q) = 1 − a⃗p

rsa⃗
p
rs +

(j − 3ja⃗p
rsa⃗

p
rs)/κ0|r− s|+(3a⃗p

rsa⃗
p
rs − 1)/κ2

0|r− s|2 for p =
q and η(p, q) = (3/κ2

0|r− s|2 − 3j/κ0|r− s| − 1)⃗ap
rsa⃗

q
rs for

p ̸= q with a⃗p
rs being the component of the polarization

direction p in the unit direction vector a⃗rs = [⃗ax
rs, a⃗

y
rs, a⃗

z
rs] ∈

R3.
According to (3), the dyadic Green’s function between the

n-th receiving antenna and the m-th transmitting antenna can
be represented as

G (rr,n, rt,m) =
1
4π

(
I3 +

∇rr,n
∇H

rr,n

κ2
0

)
G (rr,n, rt,m) , (5)

where G (rr,n, rt,m) is given in (2). Based on (3) and (4),
the dyadic Green’s function-based channel matrix between the
transmitter and the receiver can be denoted as

HD =

Hxx Hxy Hxz

Hyx Hyy Hyz

Hzx Hzy Hzz

 ∈ C3N×3M , (6)

where Hpq ∈ CN×M is the Green’s function-based channel
between the p polarization direction of the receiver with N
antennas and the q polarization direction of the transmitter
with M antennas. Note that the (n,m)-th element of Hpq is
the (p, q)-th element of G (rr,n, rt,m), i.e., [Hpq]nm = Gpq

nm.
Remark 1: In this paper, both the scalar and dyadic Green’s

function-based channel models are studied with single and
triple polarization, respectively. In practice, if dipoles are
oriented along one specific Euclidean axis, the polarization
along this axis should be considered. Indeed, if dipoles are ori-
ented along multiple Euclidean axes, as shown in [36, Fig. 2],
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multiple polarization needs to be considered. Moreover, a more
generalized consideration of polarization in MIMO systems
was extensively studied in [45], where both transverse electric
and magnetic polarization along every possible propagation
direction were analyzed. The EDoF performance analysis
framework with this more generalized polarization modelling
is regarded as an important future direction.

C. EDoF Performance Analysis

In this subsection, we analyze the EDoF performance for the
UPA-based XL-MIMO system with infinitely thin dipoles over
the scalar or dyadic Green’s function-based channels, which
can provide the basis for the analysis framework for other
XL-MIMO designs. Similar results have also been derived
in [40], so we introduce them in a brief manner. More
importantly, we compute EDoF expressions over the scalar
Green’s function-based channel in the closed-form.

1) Scalar Green’s Function-Based Channel: Based on the
channel as shown in (2), we can obtain the scalar Green’s
function-based channel correlation matrix RS = HH

S HS ∈
CM×M . As extensive simulations have validated [22], [39],
[42], the ordered eigenvalues of channel HS exhibit a two-
stage characteristic. In the first stage, the singular values
remain approximately constant, and then, at one particular
singular value, with its index defined as EDoF, they sharply
degrade, approaching to zero. That is, σ1 ≈ σ2 ≈ · · · ≈
σEDoF1 ≫ σEDoF1+1 > · · · > σDoF. Exploiting this char-
acteristic, we have tr(RS) =

∑DoF
n=1 σ

2
n ≈ EDoF × σEDoF2

and ∥RS∥2F =
∑DoF

n=1 σ
4
n ≈ EDoF × σ4

EDoF. Thus, in such
case, the EDoF can be approximately computed as

EDoF ≈

(∑DoF
n=1 σ

2
n

)2

∑DoF
n=1 σ

4
n

=
tr2 (RS)
∥RS∥2F

≜ εS (7)

As introduced in Section I, (7) is an approximate mathematical
solution for the number of dominant singular values or sub-
channels, which corresponds to the rigorous definitions in
classical related works on the DoF [35], [36], [37], [38].

Remark 2: The approximate computation of EDoF over the
dyadic Green’s function-based channel can be also easily
derived following the similar method as εS and is there-
fore omitted in the following. It is worth noting that this
approximate EDoF expression is coincidentally similar as the
expression introduced in [46, Eq. (8)] based on the theory
in [47]. However, the derivation in [46] is implemented based
on the low-SNR regime. Thus, more generalized derivation,
implemented from the perspective of the singular value like
the proof in this paper, is highly advocated and applicable.

Terms in (7) can be expanded as (8), shown at the bottom
of the next page, where [RS ]m1m2

=
∑N

n=1G
∗
nm1

Gnm2 is
the (m1,m2)-th element of RS with m1,m2 ∈ {1, . . . ,M}.
Based on (8), (7) can be computed in the closed-form as in
the following theorem.

Theorem 1: For the UPA-based XL-MIMO system over the
scalar Green’s function-based channel, the EDoF in (7) can
be computed in closed-form as (9), shown at the bottom of the
next page.

Proof: The proof of Theorem 1 is given in Appendix B.

2) Dyadic Green’s Function-Based Channel: Similar to that
of the scalar Green’s function, the EDoF for the UPA-based
XL-MIMO system over the dyadic Green’s function-based
channel can be approximately computed as

εD =
tr2 (RD)
∥RD∥2F

, (10)

where RD = HH
DHD ∈ C3M×3M is the dyadic Green’s

function-based channel correlation matrix.
Remark 3: The channel in (6) embraces full triple polariza-

tion, constructed by the x, y, z polarization directions of the
transceiver. The double and single polarized channel can also
be obtained from (6). Unless otherwise specified, the channel
with double polarization includes x and y polarization of the
transceiver, i.e.,

HD,2 =
[
Hxx Hxy

Hyx Hyy

]
∈ C2N×2M . (11)

For the single polarized channel, only x polarization direction
of the transceiver is impinged, i.e., HD,1 = [Hxx] ∈ CN×M .
When only the single polarization is considered, the dyadic
Green’s function-based channel is boiled down into the scalar
Green’s function-based channel except with some additional
coefficients. Note that the EDoF for the UPA-based XL-MIMO
system over the double or single polarized channel can be
derived by substituting the double polarized channel HD,2

and the single polarized channel HD,1 into (10).

III. 2D CAP PLANE-BASED XL-MIMO

A. System Model

In this section, we study the 2D CAP plane-based
XL-MIMO system, where a single transmitter and a single
receiver are considered. Note that the transmitter is located on
the x−y plane with its center being the origin. The receiver is
parallel to the transmitter with its center located in (0, 0, D).
For the transmitter, the horizontal and the vertical side-lengths
are Lt,H and Lt,V , respectively. The horizontal and vertical
side-lengths for the receiver are Lr,H and Lr,V , respec-
tively. Let ST and SR denote the transmitting and receiving
regions, respectively. We also study the scalar and dyadic
Green’s function-based channels for the 2D CAP plane-based
XL-MIMO system are also studied. Note that the CAP plane
has the continuous aperture. For a certain transmitting point
rt ∈ R3 in a continuous transmitting region ST and a certain
receiving point rr ∈ R3 in a continuous receiving region
SR, the scalar Green’s function-based channel G (rr, rt) and
dyadic Green’s function-based channel G (rr, rt) ∈ C3×3 are

G (rr, rt) =
1
4π

exp (−jκ0 |rr − rt|)
|rr − rt|

, (12)

G (rr, rt) =
1
4π

(
I3 +

∇rr∇H
rr

κ2
0

)
G (rr, rt) . (13)

Remark 4: Similar to the scenario with the UPA-based
XL-MIMO system, the double and single polarized channels
for the 2D CAP plane-based XL-MIMO system can be built
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over the x, y polarization directions and only the x polariza-
tion direction, respectively. The double and single polarized
channel can be derived from the full polarized channel defined
in (13), by extracting x, y polarized components and only x
polarized component from G (rr, rt), respectively.

B. EDoF Performance Analysis

The EDoF performance for the 2D CAP plane-based
XL-MIMO system over the scalar or dyadic Green’s function-
based channel is studied.

1) Scalar Green’s Function-Based Channel: According to
the methods in [41], [42], and [43], we first define the auto-
correlation kernel to describe the correlation characteristic for
two arbitrary transmitting points rt ∈ ST and rt′ ∈ ST as

K(rt, rt′) =
∫

SR

G∗ (rr, rt)G (rr, rt′)drr. (14)

Based on K(rt, rt′), by applying the asymptotic analysis to (7)
by letting M →∞, N →∞ with an invariant physical size,
we can derive the EDoF for the 2D CAP plane-based XL-
MIMO system over the scalar Green’s function-based channel.
More specifically, by letting M,N →∞, tr (RS), and ∥RS∥2F
can be represented as

tr (RS) → NHNV MHMV

Lr,HLr,V Lt,HLt,V

×
∫

ST

∫
SR

|G (rr, rt)|2drrdrt

∥RS∥2F →
(

NHNV MHMV

Lr,HLr,V Lt,HLt,V

)2

×
∫

ST

∫
ST

|K(rt, rt′)|2drtdrt′

(15)

according to the asymptotic representation drr = dxrdyr →
Lr,HLr,V

NHNV
, drt = dxtdyt → Lt,HLt,V

MHMV
, and drt′ = dxt′dyt′ →

Lt,HLt,V

MHMV
[41]. Based on the above asymptotic terms in (15),

we can derive the EDoF expressions for the CAP-based XL-
MIMO system over the scalar Green’s function-based channel
as in the following corollary.

Corollary 1: The EDoF for the 2D CAP plane-based XL-
MIMO system over the scalar Green’s function-based channel
can be calculated as

ΨS =

(∫
ST

∫
SR
|G (rr, rt)|2drrdrt

)2

∫
ST

∫
ST
|K(rt, rt′)|2drtdrt′

. (16)

Remark 5: Note that
∫

ST

∫
SR
|G (rr, rt)|2drrdrt and∫

ST

∫
ST
|K(rt, rt′)|2drtdrt′ denote the overall channel gain

across the transmitting and receiving regions and the overall
power of the correlation kernel function K(rt, rt′) across the
transmitting region.

When considering the scalar Green’s function-based chan-
nel, the EDoF for the 2D CAP plane-based XL-MIMO system
can be computed in closed-form as in the following theorem.

Theorem 2: The EDoF for the 2D CAP plane-based XL-
MIMO system over the scalar Green’s function-based channel
can be approximately calculated in closed-form as

ΨS,c =
γ2

ξ
, (17)

where γ is given in (18), shown at the bottom of the page,
with µ0 = (1/4π)2 and LH,max = max {Lt,H , Lr,H}. Note
that T (x) is

T (x) =
2Lt,V Lr,V

D
arctan

x

D
+ x ln

(
µ1 + 4x2

µ2 + 4x2

)
+
√
µ1 arctan

2x
√
µ1
−√µ2 arctan

2x
√
µ2
, (19)

G (r, s) =
1
4π

(
I3 +

∇r∇H
r

κ2
0

)
exp (−jκ0 |r− s|)

|r− s|
=
(
I3 +

∇r∇H
r

κ2
0

)
G (r, s)

=

(
1 +

j

κ0 |r− s|
− 1
κ2

0 |r− s|2

)
I3G (r, s) +

(
3

κ2
0 |r− s|2

− 3j
κ0 |r− s|

− 1

)
a⃗rsa⃗T

rsG (r, s) (3)


tr (RS) =

∑M

m=1

∑N

n=1
[RS ]2mm =

∑M

m=1

∑N

n=1
|Gnm|2

∥RS∥2F =
∑M

m1=1

∑N

m2=1
[RS ]2m1m2

=
∑M

m1=1

∑N

m2=1

∣∣∣∣∑N

n=1
G∗nm1

Gnm2

∣∣∣∣2 (8)

εS =
D4

∣∣∣∣∑M
m=1

∑N
n=1

1

D2+(−
Lr,H

2 +t(n)∆r,H+
Lt,H

2 −i(m)∆t,H)2+(−
Lr,V

2 +∆r,V k(n)+
Lt,V

2 −j(m)∆t,V )2

∣∣∣∣2∑M
m1=1

∑M
m2=1

∣∣∣∑N
n=1 e

−j
κ0
D [∆t,H(i(m1)−i(m2))(−

Lr,H
2 +t(n)∆r,H)+(−

Lr,V
2 +∆r,V k(n))(j(m1)−j(m2))∆t,V ]

∣∣∣2 (9)

γ = µ0
2Lt,HLr,H

LH,max
T

(
|Lt,H − Lr,H |

2

)
+ µ0 (Lt,H + Lr,H)T

(
Lt,H + Lr,H

2

)
− µ0 (Lt,H + Lr,H)T

(
|Lt,H − Lr,H |

2

)
− 2µ0Q

(
Lt,H + Lr,H

2

)
+ 2µ0Q

(
|Lt,H − Lr,H |

2

)
(18)
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where µ1 = (Lt,V − Lr,V )2 + 4D2 and µ2 =
(Lt,V + Lr,V )2 + 4D2. As for Q (x), we have

Q (x) = Lt,V Lr,V ln
(
D2 + x2

)
+

4x2 + µ1

8
ln
(
µ1 + 4x2

)
− 4x2 + µ2

8
ln
(
µ2 + 4x2

)
. (20)

As for ξ, we have

ξ =
4µ3φL

2
t,HL

2
t,V

D2
(
4D2 + L2

t,H

) +
2µ3φLt,HL

2
t,V

D3
arctan

Lt,H

2D

+
16µ3φL

2
t,V

4D2 + L2
t,H

−
4µ3φL

2
t,V

D2
(21)

where µ3 = (µ0Lr,V Lr,H)2 and φ is the phase-related
coefficient, which is computed as

φ =
1

N2
sM

2
s

Ms∑
o=1

Ms∑
u=1

|
Ns∑

k′=1

exp (jκ0dk′o) exp (−jκ0d
′
k′u)|2,

(22)

where dk′o = |rr,k′ − rt,o| and d′k′u = |rr,k′ − rt′,u| are
the distances between the k′-th uniformly sampled receiving
point and the o-th or u-th uniformly sampled transmitting
points, respectively, with rr,k′ ∈ SR, {rt,o, rt′,u} ∈ ST ,
{o, u} = {1, . . . ,Ms}, k′ = {1, . . . , Ns}. Ms is the number of
uniformly sampled transmitting points, and Ns is the number
of uniformly sampled receiving points.

Proof: The detailed proof is provided in Appendix C.
Remark 6: As observed in Theorem 2, the EDoF per-

formance for 2D CAP plane-based XL-MIMO systems is
determined by the physical size of the transceiver, transmit-
ting distance, and carrier frequency (or the wavenumber).
Meanwhile, as shown in (18), the overall channel gain∫

ST

∫
SR
|G (rr, rt)|2drrdrt depends only on the physical size

and transmitting distance. Besides, when the physical size
of the transmitting plane is much larger than that of the
receiving plane, Theorem 2 can be further simplified. When
Lt,{V,H} ≫ Lr,{V,H}, γ in (18) can be approximated as
γ ≈ 2Lr,Hµ0T (Lt,H

2 ) by applying the fact that |Lt,H−Lr,H |
2 ≈

Lt,H

2 , Lt,H+Lr,H

2 ≈ Lt,H

2 , and LH,max = Lt,H . Thus, closed-
form results in (17) can be further formulated as

ΨS,c ≈
T 2(Lt,H

2 ) φL2
t,HL2

t,V L2
r,V

D2(4D2+L2
t,H) + φLt,HL2

t,V L2
r,V

2D3 arctan Lt,H

2D

+ 4φL2
t,V L2

r,V

4D2+L2
t,H

− φL2
t,V L2

r,V

D2


.

(23)

2) Dyadic Green’s Function-Based Channel: To compute
the EDoF performance for the 2D CAP plane-based XL-
MIMO system over the dyadic Green’s function-based chan-
nel, we define the polarized auto-correlation kernel function
over a specific polarization direction pair {p, q} ∈ {1, 2, 3} as

K̂(rt, rt′ , p, q) =
3∑

l=1

∫
SR

[
Glp (rr, rt)

]∗
Glq (rr, rt′) drr,

(24)

where the polarization subscripts are represented, for
simplicity, as x→ 1, y → 2, and z → 3, respectively. Besides,
Glp (rr, rt) denotes the (l, p)-th element of G (rr, rt) as given
in (13). Based on the asymptotic analysis by letting M →∞,
N →∞ to (10) with an invariant physical size, we derive the
EDoF for the 2D CAP plane-based XL-MIMO over the dyadic
Green’s function-based channel as in the following corollary.

Corollary 2: The EDoF for the 2D CAP plane-based XL-
MIMO system over the dyadic Green’s function-based channel
can be calculated as

ΨD =

(∑3
l=1

∑3
p=1

∫
ST

∫
SR

∣∣Glp (rr, rt)
∣∣2 drrdrt

)2

∑3
p=1

∑3
q=1

∫
ST

∫
ST

∣∣∣K̂(rt, rt′ , p, q)
∣∣∣2drtdrt′

. (25)

Proof: The detailed proof can be found in [43] and is
therefore omitted.

Remark 7: Note that the EDoF computation in Corollary 2
includes full triple polarization. However, for the double
or single polarized channel as discussed in Remark 3, the
EDoF performance can also be studied based on the analysis
framework in Corollary 2. It is worth noticing that the EDoF
performance analysis framework in Corollary 2 holds for
the channel with arbitrary numbers of polarization. We can
compute the EDoF for the 2D CAP plane-based over the
channel with arbitrary numbers of polarization as

ΨD =

(∑Np

l=1

∑Np

p=1

∫
ST

∫
SR

∣∣Glp (rr, rt)
∣∣2 drrdrt

)2

∑Np

p=1

∑Np

q=1

∫
ST

∫
ST

∣∣∣K̂(rt, rt′ , p, q)
∣∣∣2drtdrt′

, (26)

where K̂(rt, rt′ , p, q) =
∑Np

l=1

∫
SR

[
Glp (rr, rt)

]∗
Glq (rr, rt′)

drr and Np = {1, 2, 3} is the number of channel polarization.
When Np = 1, (26) converts to (16) over the scalar Green’s
function-based channel.

IV. OTHER XL-MIMO HARDWARE DESIGNS

In this section, we introduce the EDoF performance analysis
framework for other XL-MIMO hardware designs, UPA-based
XL-MIMO with patch antennas and 1D XL-MIMO designs.

A. UPA-Based XL-MIMO With Patch Antennas

The UPA-based XL-MIMO investigated in Section II views
each antenna element as an infinitely thin dipole. Another
practical UPA-based XL-MIMO design is to regard each
antenna element as a patch antenna with a certain size and
continuous aperture in each antenna element [4], [18]. For
this UPA-based XL-MIMO design with patch antennas, across
each antenna element, the EM wave should be captured with
the aid of exact integrals due to the continuous characteristic
for each element. We assume that the physical sizes of
the transmitting and receiving patch antenna element can be
denoted as At,H × At,V and Ar,H × Ar,V , respectively, where
At,H , At,V , Ar,H , and Ar,V denote the horizontal or vertical
element side-length of the transmitting antenna element and
the horizontal or vertical element side length of the receiving
antenna element, respectively. Other parameter definitions are
similar to those of the UPA-based XL-MIMO system in
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Section II. Moreover, we denote the transmitting region and
the receiving region as VT = {VT,m : m = 1, . . . ,M} and
VR = {VR,n : n = 1, . . . , N}, where VT,m and VR,n are the
regions of the m-th transmitting patch antenna and the n-th
receiving patch antenna, respectively, defined as shown in (27),
shown at the bottom of the page, with rt,m and rr,n being the
coordinates of centers of the m-th transmitting and the n-th
receiving patch antennas, respectively. Note that rt,m and rr,n

are also the coordinates of the m-th transmitting and the n-
th receiving infinitely thin dipoles, respectively, as defined in
Section II.

When computing the EDoF for the UPA-based XL-MIMO
system with patch antennas, as discussed above, exact
integrals across each patch antenna element should be
computed. The auto-correlation kernel function K(rt, rt′)
can be derived from (14), by considering VT and VR

in (27), as K(rt, rt′) =
∫

VR
G∗ (rr, rt)G (rr, rt′)drr =∑N

n=1 [
∫

VR,n
G∗(rn

r , rt)G(rn
r , rt′)drn

r ], where rn
r =

(xn
r , y

n
r , D) ∈ VR,n and G(rn

r , rt) can be derived as
in (12). Based on the above definitions and motivated by
Corollary 1, we derive the EDoF analysis framework for the
UPA-based XL-MIMO system with patch antennas over the
scalar Green’s function-based channel in the following.

Corollary 3: For the UPA-based XL-MIMO system with
patch antennas over the scalar Green’s function-based chan-
nel, the EDoF ψS can be computed as

ψS =

(∫
VT

∫
VR
|G (rr, rt)|2drrdrt

)2

∫
VT

∫
VT
|K(rt, rt′)|2drtdrt′

. (28)

Note that (28) can be further written as (29), shown at the
bottom of the page.

Proof: This corollary can be easily derived by substitut-
ing VT and VR into (16).

Similarly, based on (24), the polarized auto-correlation
kernel function for the UPA-based XL-MIMO
system with patch antennas can be defined as
K̂(rt, rt′ , p, q) =

∑3
l=1

∫
VR

[Glp(rr, rt)]∗Glq(rr, rt′)drr =∑N
n=1

∑3
l=1 [

∫
VR,n

[Glp(rn
r , rt)]∗Glq(rn

r , rt′)drn
r ]. Thus,

we can derive the EDoF performance over the dyadic Green’s
function-based channel as in the following corollary.

Corollary 4: For the UPA-based XL-MIMO system with
patch antennas over the dyadic Green’s function-based chan-
nel, the EDoF ψD can be computed as

ψD =

(∑3
l=1

∑3
p=1

∫
VT

∫
VR

∣∣Glp (rr, rt)
∣∣2 drrdrt

)2

∑3
p=1

∑3
q=1

∫
VT

∫
VT

∣∣∣K̂(rt, rt′ , p, q)
∣∣∣2drtdrt′

. (30)

Besides, (30) can be further expanded as in (31), shown at the
bottom of the page.

Proof: We can easily prove this corollary by substituting
VT and VR into (25).

Remark 8: From a mathematical perspective, Corollary 3
and Corollary 4 provide an important unified analytical frame-
work due to the flexible configuration of the patch antenna
element. When the side-lengths of each patch antenna element
be infinitesimal, that is A{t,r},{V,H} → 0, or assuming that
only the center of each patch antenna element is impinged
for transmitting/receiving EM wave, that is VT,m = rt,m and
VR,n = rr,n, Corollary 3 and Corollary 4 are equivalent to (7)
and (10) for UPA-based XL-MIMO systems with infinitely
thin dipoles, respectively. Moreover, when the side-lengths of
each patch antenna element equal to the antenna spacing in
the respective directions, that is At,{H,V } = ∆t,{H,V } and
Ar,{H,V } = ∆r,{H,V }, the array aperture for the UPA-based
XL-MIMO with patch antennas would be continuous, and thus,
Corollary 3 and Corollary 4 would covert to Corollary 1 and
Corollary 2 for 2D CAP plane-based XL-MIMO, respectively.

B. 1D XL-MIMO Hardware Designs

The above investigated XL-MIMO hardware designs are
all of the 2D characteristics. In this part, we investigate 1D
XL-MIMO hardware designs, ULA-based XL-MIMO, and
1D CAP line segment-based XL-MIMO, and derive their
respective EDoF performance analysis framework.

1) ULA-Based XL-MIMO: Under this hardware design,
we assume that the transmitter equipped with ULA-based
XL-MIMO is located on the y-axis with its centering coor-
dinate being (0, 0, 0). The side-length and the number of

VT,m = {(xm
t , y

m
t , 0) ∈ R3 : {rt,m (1)− At,H

2
⩽ xm

t ⩽ rt,m (1) +
At,H

2
; rt,m (2)− At,V

2
⩽ ym

t ⩽ rt,m (2) +
At,V

2
}}

VR,n = {(xn
r , y

n
r , D) ∈ R3 : {rr,n (1)− Ar,H

2
⩽ xn

r ⩽ rr,n (1) +
Ar,H

2
; rr,n (2)− Ar,V

2
⩽ yn

r ⩽ rr,n (2) +
Ar,V

2
}} (27)

ψS =

{∑N
n=1

∑M
m=1

[∫
VT,m

∫
VR,n

|G (rn
r , r

m
t )|2drn

r dr
m
t

]}2

∑M
m1=1

∑M
m2=1

∫
VT,m1

∫
VT,m2

∣∣∣∑N
n=1

[∫
VR,n

G∗ (rn
r , r

m1
t )G (rn

r , r
m2
t′ )drn

r

]∣∣∣2drm1
t drm2

t′

(29)

ψD =

(∑N
n=1

∑M
m=1

∑3
l=1

∑3
p=1

[∫
VT,m

∫
VR,n

∣∣Glp (rn
r , r

m
t )
∣∣2drn

r dr
m
t

])2

∑M
m1=1

∑M
m2=1

∑3
p=1

∑3
q=1

∫
VT,m1

∫
VT,m2

∣∣∣∑N
n=1

∑3
l=1

[∫
VR,n

[Glp (rn
r , r

m1
t )]∗Glq (rn

r , r
m2
t′ ) drn

r

]∣∣∣2 drm1
t drm2

t′

.

(31)
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antennas for the transmitter can be denoted as Lt and M ,
respectively. Besides, the receiver equipped with the ULA-
based XL-MIMO embraces the side-length of Lr and N
antennas. Note that the coordinates of the m-th transmitting
antenna or n-th receiving antenna can be denoted as rt,m =
[0,−Lt,V

2 + (m− 1) ∆t, 0]T ∈ R3 and rr,n = [0,−Lr,V

2 +
(n− 1) ∆r, D]T ∈ R3, respectively, where ∆t = Lt/M and
∆r = Lr/N are the antenna spacing for the transmitter and the
receiver, respectively, with m = 1, . . . ,M and n = 1, . . . , N .

Similar to the UPA-based XL-MIMO system with infinitely
thin dipoles, we can also compute the EDoF performance
for the ULA-based XL-MIMO system over the scalar and
dyadic Green’s function-based channel same as in (7) and (10),
respectively, where applied channel matrices are derived by
substituting the parameters of the ULA-based XL-MIMO sys-
tem into (2) and (5), respectively. Note that, when considering
the scalar Green’s function-based channel, we can compute
the EDoF in closed-form as in the following theorem.

Theorem 3: The EDoF over the scalar Green’s function-
based channel can be computed in the closed-form as

εS

=
D4|

∑M
m=1

∑N
n=1

1

D2+[−Lr
2 +(n−1)∆r+

Lt
2 −(m−1)∆t]2

|2∑M
m1=1

∑M
m2=1|

∑N
n=1e

−j
κ0
D [(−Lr

2 +(n−1)∆r)(m1−m2)∆t]|2
.

(32)

Proof: The proof can be easily derived based on the
similar method to that of Theorem 1.

2) 1D CAP Line Segment-Based XL-MIMO: For this
design, unlike 2D CAP planes considered in Section III,
we study 1D line segments with the continuous array aperture.
The transmitter with the side-length of Lt is located on the
y axis with its center being (0, 0, 0). And the receiver with
the side-length of Lr is parallel to the transmitter with its
center being (0, 0, D). Note that the EDoF performance for
this design over the scalar and dyadic Green’s function-based
channel can be formulated similarly to that of the 2D CAP
plane-based XL-MIMO system as shown in Corollary 1 and
Corollary 2, respectively, by substituting the transmitting and
receiving regions of this design into these corollaries. More
importantly, over the scalar Green’s function-based channel,
the EDoF can also be computed in closed-form as in the
following theorem.

Theorem 4: We can compute the EDoF over the scalar
Green’s function-based channel in closed-form as

ΨS,c =

{
2LtLr −D2 ln

[
(Lt+Lr)2+4D2

(Lt−Lr)2+4D2

]}2

φ (LtLr)
2 , (33)

where φ is similar to the definition in (22).
Proof: We can easily obtain this theorem based on a

similar method to that of Theorem 2.
Remark 9: The capacity performance C for all investigated

XL-MIMO designs can be directly derived based on the studied
EDoF expressions in this paper as C = EDoF · log2(1 +

αP
EDoF2N0

) [46], where α is the overall channel gain, P is the
transmitting power, and N0 is the noise power. Note that α can

denoted as the square root of the numerator of the respective
EDoF expression.

Remark 10: Note that all derived results in this paper
hold for near-field spherical wave channel models, which are
described by dyadic and scalar Green’s functions with triple
and single polarization directions, respectively. In the far-field
scenario, a planar wave channel model is assumed, where all
links embrace the same signal amplitude and the angle of
arrival/departure [4]. For the scalar Green’s function-based
scenario, in the far-field, HS in Section II-A has a rank of
1 and thus the EDoF for the far-field scalar Green’s function-
based scenario is 1. For the dyadic Green’s function-based
scenario, under the far-field approximation ∥r − s∥ ≫ λ ,
the operator (I3 + ∇r∇H

r

κ2
0

) in (3) can be approximated as
(I3 − a⃗rsa⃗T

rs), which has a rank of 2 [36]. Thus, the EDoF
for the far-field dyadic Green’s function-based scenario is 2.
Notably, in the near-field, spherical waves manifest different
phase and signal amplitude for each link. This phenomenon
can significantly increase the ranks of the channels and
improve the EDoFs, which would be substantially higher than
those in the far-field scenario. This argument will also be
discussed in Numerical Results section.

V. EDOF ANALYSIS WITH MUTUAL COUPLING

With the continuing increase in the number of antennas
while maintaining an invariant physical size, the antenna
spacing significantly decreases and the mutual coupling effect
becomes severe. In this section, we discuss the effects of the
mutual coupling property on the proposed EDoF performance
analysis framework. We define the mutual coupling matrices at
the transmitter side with M antennas and the receiver side with
N antennas as Zt ∈ CM×M and Zr ∈ CN×N , respectively.
Taking the modelling of Zr for instance, we have [48]

Zr = (ZA + ZL) (Zr,C + ZLIN )−1 ∈ CN×N , (34)

where ZA is the antenna impedance, ZL is the load
impedance, and Zr,C ∈ CN×N is the mutual impedance
matrix at the receiver side, respectively. For ZA,
we denote it as ZA = RZA

+ jXZA
, where RZA

and XZA
denote the resistance and the reactance,

respectively. RZA
and XZA

can be computed as RZA
=

η

2π sin2(
κdl
2 )
{γ0 + ln(κdl) − Ci(κdl) + sin(κdl)

2 [Si(2κdl) −

2Si(κdl)] + cos(κdl)
2 [γ0 + ln(κdl

2 ) + Ci(2κdl) − 2Ci(κdl)]}
and XZA

= η

4π sin2(
κdl
2 )
{2Si(κdl) + cos(κdl)[2Si(κdl) −

Si(2κdl)] − sin(κdl)[2Ci(κdl) − Ci(2κdl) − Ci( 2κa2

dl
)]},

where η is the intrinsic impedance, dl is the dipole length
of each antenna, a is the radius of the wire, γ0 is the Euler
constant, Ci(·) and Si(·) are the cosine integral and sine
integral functions, respectively.

For the UPA-based system, as illustrated in Section II,
we can construct Zr,C by NV × NV sub-matrices, that is
Zr,C = [Zr,C,pq]NV ×NV

, where Zr,C,pq ∈ CNH×NH is the
impedance matrix between the p-th row of antennas and the
q-th row of antennas with {p, q} = {1, . . . , NV }. Moreover,
we define zpq

r,n1n′1
as the (n1, n

′
1)-th element of Zr,C,pq, which

represents the mutual impedance between the n1-th antenna of
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the p-th row and the n′1-th antenna of the q-th row, counting
from the left to right, with {n1, n

′
1} = {1, . . . , NH}. We define

the distance, vertical distance, and horizontal distance between
the n1-th antenna of the p-th row and the n′1-th antenna of
the q-th row as dpq

n1n′1
=
√

(n1 − n′1)2∆
2
r,H + (p− q)2∆2

r,V ,
dpq,v = |p − q|∆r,V , and dn1n′1,h = |n1 − n′1|∆r,H , respec-
tively. Note that here are four possible combinations for p, q,
and n1, n

′
1, where the modelling of the mutual impedance

zpq
r,n1n′1

for each combination is different and zpq
r,n1n′1

can
be uniformly denoted as zpq

r,n1n′1
= Rpq

r,n1n′1
+ jXpq

r,n1n′1
.

For p = q, n1 = n′1, we have zpq
r,n1n′1

= ZA. For p =
q, n1 ̸= n′1, this scenario is the “side-by-side” scenario in
[48, Sec. 8.6.2]. According to [48, Eq. 8-71], we can compute
Rpq

r,n1n′1
and Xpq

r,n1n′1
by letting the parameters in [48, Eq.

8-71] be d = dn1n′1,h and l = dl. For p ̸= q, n1 = n′1,
this scenario is the “parallel-in-echelon” scenario in [48, Sec.
8.6.2]. Based on [48, Eq. 8-73], we can compute Rpq

r,n1n′1
and Xpq

r,n1n′1
by letting the parameters in [48, Eq. 8-73] be

h = dpq,v , d = dn1n′1,h, and l = dl, respectively. For
p ̸= q, n1 = n′1, Rpq

r,n1n′1
and Xpq

r,n1n′1
can be computed for the

“collinear” scenario in [48, Eq. 8-72] by letting the variables in
[48, Eq. 8-72] be h = dpq,v, d = dn1n′1,h, and l = dl,
respectively. In summary, we can model Zr,C based on the
above terms. Similarly, we can also easily model Zt,C based
on the physical configurations of the transmitter.

Then, we focus on the computation of EDoF performance
with the mutual coupling property. For the scalar Green’s
function-based channel, the channel matrix with the involve-
ment of the mutual coupling can be denoted as H̃S =
ZrHSZt. Correspondingly, based on the analytical framework
in Section II-C, we can compute the EDoF performance with
mutual coupling as ε̃S = tr2(R̃S)/∥R̃S∥2F, where R̃S =
H̃H

S H̃S . As for the scenario with the dyadic Green’s function-
based channel, we assume that the mutual coupling matrices
for all polarization directions are the same. Thus, with the
mutual coupling, the channel matrix between the p polarization
direction of the receiver and the q polarization direction of the
transmitter can be denoted as H̃pq = ZrHpqZt. Moreover,
exploiting a similar representation method as in (6), we can
derive the dyadic Green’s function-based channel matrix with
the mutual coupling as H̃D. The EDoF performance for
the dyadic Green’s function-based channel with the mutual
coupling can be computed as ε̃D = tr2(R̃D)/∥R̃D∥2F with
R̃D = H̃H

DH̃D.

VI. NUMERICAL RESULTS

In this paper, we study the EDoF performance for
XL-MIMO systems over the scalar and dyadic Green’s
function-based channels. Unless otherwise specified, for the
UPA-based and 2D CAP plane-based XL-MIMO system,
we consider the square plane, that is Lt,V = Lt,H and Lr,V =
Lr,H . Besides, we consider that the numbers of antennas per
side of the UPA are equal, that is MV = MH and NV = NH .
The carrier frequency considered in this paper is 30 GHz. Note
that, to fully capture the potential EDoF performance limits
of considered systems, we consider the mutual coupling effect
only in Fig. 12.

Fig. 2. EDoF performance for UPA-based with infinitely thin dipoles and
2D CAP plane-based XL-MIMO system with Lt,V = Lr,V = 10λ over the
dyadic and scalar Green’s function-based channels.

Fig. 3. EDoF performance for the square UPA-based XL-MIMO system
with Lt,V = Lr,V =

√
2/2m and MH,V = NH,V , and the ULA-based

XL-MIMO system with Lt = Lr = 1m and M = N against the total
number of antennas M = N over the scalar Green’s function-based channel.
Each antenna element is an infinitely thin dipole.

A. Performance Comparison Among Different Designs

In this part, we comprehensively compare and analyze the
EDoF performance for all considered XL-MIMO hardware
designs. In Fig. 2, we compare the EDoF performance between
the UPA-based XL-MIMO system with infinitely thin dipoles
and the 2D CAP plane-based XL-MIMO system over both the
dyadic and scalar Green’s function-based channels. We can
observe that as the number of antennas of the UPA increases,
the EDoF performance for the UPA-based system approaches
that of the CAP-based system over both the dyadic and scalar
Green’s function-based channels. This observation indicates
that the physical size of the XL-MIMO system imposes restric-
tive constraints on the EDoF performance. It is vital to observe
that increasing the number of antennas in a fixed physical size
may not always benefit the EDoF performance, but lead to
an approximately saturated value. Besides, the dyadic Green’s
function-based channel can significantly enhance the EDoF
performance compared with that of the scalar Green’s function
channel due to the consideration of full polarization, e.g.
about 104% EDoF improvement for D = 26λ , highlighting
the importance of utilizing the dyadic Green’s function-based
channel to fully exploit the EDoF performance of XL-MIMO.

In Fig. 3 and Fig. 4, we compare the EDoF performance
between the UPA-based XL-MIMO system with infinitely thin
dipoles and the ULA-based XL-MIMO system with infinitely
thin dipoles over the scalar Green’s function-based channel.
To ensure fairness in the comparison, it is important to
establish appropriate criteria [4]. The first potential criteria
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Fig. 4. EDoF performance for the UPA-based XL-MIMO system with
MH,V = NH,V =

√
M and ULA-based XL-MIMO system with M = N

against
√

M over different antenna spacing. Each antenna element is an
infinitely thin dipole.

is to compare the EDoF performance for the UPA-based and
ULA-based systems with the same array aperture. For the
ULA-based system utilizing a 1D array, the array aperture
for the transmitter/receiver is the respective side-length. For
the UPA-based system, which employs a 2D array, the array
aperture for the transmitter/receiver is their respective length
of the diagonal of the array. As observed in Fig. 3, with the
same array aperture size, the UPA-based system can achieve
remarkably superior EDoF performance compared with the
ULA-based system. Indeed, with the same array aperture size,
2D spatial resources can be effectively utilized to enhance
the EDoF performance in the UPA-based system. We also
validate the EDoF closed-form results for the UPA-based and
ULA-based XL-MIMO systems in Theorem 1 and Theorem 3,
respectively. Moreover, as the number of antennas increases,
the EDOF performance for both the UPA-based and ULA-
based systems approaches to that of respective CAP-based
systems.

Another comparison criteria is to consider the UPA-based
and ULA-based with the same number of antennas. In Fig. 4,
we compare the EDoF performance for the UPA-based and
ULA-based systems with the same total numbers of antennas,
i.e., same M = N , over different values of antenna spacing.
We assume that ∆t,{H,V } = ∆r,{H,V } = ∆t = ∆r.
Under this setting, the physical size of the transceiver can be
adjusted according to the variations in the number of antennas.
We observe from Fig. 4 that the ULA-based system can
achieve significantly superior EDoF performance compared
with the UPA-based system. This phenomenon is attributed
to the much larger array aperture size for the ULA-based
system compared with that of the UPA-based system, e.g.
6 m and 0.42 m array aperture for the ULA-based and UPA-
based system with ∆t = 1.5λ , respectively. Due to the 2D
antenna deployment characteristic, the array aperture for the
UPA-based system remains relatively small, even with a large
number of antennas, such as M = 400.

Fig. 5 compares the EDoF performance for the UPA-based
system with infinitely thin dipoles and that of the UPA-based
system with patch antennas. Note that the design with patch
antennas can achieve better EDoF performance than the design
with infinitely thin dipoles when the antennas are deployed in
a non-dense manner, i.e., when MV = NV are small. When
the antennas are deployed non-densely, the EDoF performance

Fig. 5. EDoF performance for the UPA-based XL-MIMO system with
infinitely thin dipoles or patch antenna elements against the number of
antennas per side MV = NV with Lt,V = Lr,V = 10λ , D = 10λ ,
and Ar,{H,V } = At,{H,V } = λ/2 over both the dyadic and scalar Green’s
function-based channels.

for the UPA-based has not yet reached its saturated values.
In such a case, patch antennas with a certain element size
can efficiently capture EM waves across their element regions,
resulting in better EDoF performance compared to infinitely
thin dipoles. For instance, for the case with MV = NV = 7,
the scenario with patch antennas can achieve 53.7% and 66.5%
EDoF performance improvement over the dyadic and scalar
Green’s function-based channels, respectively, compared with
the scenario with infinitely thin dipoles. However, as the
number of antennas further increases, the performance gaps
between the patch antenna scenario and the infinitely thin
dipole scenario reduce, since both the scenarios with patch
antennas and infinitely thin dipoles would eventually reach
approximately equal saturated EDoF values, limited by the
physical sizes of the transmitter and the receiver.

As can be observed from the above, as the number of
antennas increases, the EDoF performance for discrete XL-
MIMO designs, i.e., UPA-based and ULA-based designs,
approaches that of their respective continuous XL-MIMO
designs, i.e., 2D CAP plane-based and 1D CAP line segment-
based designs, respectively. Thus, it is interesting to compare
the EDoF performance between 2D CAP plane-based and 1D
CAP line segment-based systems to bring a comprehensive
vision of the EDoF performance of all XL-MIMO designs.
It can be observed from Fig. 6 that with the same aperture
size, the 2D CAP plane-based system can achieve higher
EDoF performance compared to the 1D CAP line segment-
based system, e.g. 109.9% EDoF performance enhancement
with the array aperture of 4 m and D = 20m. Moreover,
we can validate the EDoF closed-form results for both the
2D CAP system and 1D CAP system derived in Theorem 2
and Theorem 4, respectively. Based on the above findings,
we demonstrate that the EDoF performance is primarily con-
strained and determined by the physical size (array aperture)
rather than the number of antennas. From the goal of higher
EDoF, the plane-based system or the line segment-based
system is advocated when designing the system with a certain
length of array aperture or with a certain number of antennas.

B. Verification of Closed-Form Results in Theorem 2

In this subsection, we provide various simulation results
to validate the derived closed-form results in Theorem 2.
Fig. 7 investigates the EDoF performance for the 2D CAP

Authorized licensed use limited to: KTH Royal Institute of Technology. Downloaded on October 18,2025 at 11:09:11 UTC from IEEE Xplore.  Restrictions apply. 



3476 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 24, NO. 4, APRIL 2025

Fig. 6. EDoF performance for 2D CAP plane-based and 1D CAP line
segment-based XL-MIMO systems with the same array aperture size over
the scalar Green’s function-based channel over different values of the array
aperture size.

Fig. 7. EDoF performance for the 2D CAP square plane-based XL-MIMO
system against the transmitting distance D with different values of
Lt,V = Lr,V over the scalar Green’s function-based channel.

square plane-based XL-MIMO system against the transmit-
ting distance over the scalar Green’s function-based channel.
We observe that the EDoF performance benefits from the
increase of the side-length or the decrease of the transmitting
distance. More importantly, it can be found that markers
“◦” generated by the EDoF closed-form results as described
in Theorem 2 match well with the curves generated by
the simulation results, which validates our derived EDoF
closed-form results for the 2D CAP plane-based XL-MIMO
system in Theorem 2 over different values of the side-lengths
and transmitting distances.

In Fig. 8, we provide further validation of the EDoF
closed-form results in Theorem 2. We consider the 2D CAP
rectangle plane-based XL-MIMO system with transmitting
rectangle planes of different shapes over the scalar Green’s
function-based channel. As observed, the EDoF closed-form
results, denoted by “◦”, match well with the simulation results
denoted by the curves, confirming the accuracy of our derived
EDoF closed-form results in rectangle plane-based scenarios
with varying side-lengths. Moreover, with the increase of Lt,V ,
the EDoF performance increases with diminishing returns,
due to the performance constraint introduced by the limited
physical size of the receiver, e.g. 22.3% and 2.7% EDoF
improvement for Lt,V = 1 m compared with Lt,V = 0.5 m
and Lt,V = 3 m compared with Lt,V = 2.5 m, respectively,
for D = 8m. Furthermore, in Fig. 9, we validate the accuracy
of the approximate closed-form results in Remark 6, which
are derived based on the prerequisite that the physical size
of the transmitting plane is much larger than that of the
receiving plane. As observed, although the closed-form results

Fig. 8. EDoF performance for the 2D CAP rectangle plane-based
XL-MIMO system against the transmitting vertical side-length Lt,V with
Lt,H = Lr,H = 1m and Lr,V = 1.5m over the scalar Green’s
function-based channel.

Fig. 9. EDoF performance for the 2D CAP square plane-based XL-MIMO
system against the receiving side-length Lr,V = Lr,H over the scalar Green’s
function-based channel with D = 50m. The analytical markers are generated
based on the approximate closed-form results in Remark 6.

Fig. 10. EDoF performance for the square UPA-based XL-MIMO system
with infinitely thin dipoles against the transmitting distance D with different
values of Lt,V = Lr,V .

in Remark 6 are approximate, the markers “◦” generated by
them match well with the curves generated by the simulation
results, especially in scenarios where Lt,V is much larger
than Lr,V .

C. Impacts of the EM Properties in XL-MIMO

In this subsection, we discuss the impacts of the vital
EM properties in XL-MIMO, e.g. the near-field spherical
wave, polarization, and mutual coupling, on the EDoF perfor-
mance. In Fig. 10, we show the EDoF performance against
the transmitting distance D for the UPA-based XL-MIMO
system with infinitely thin dipoles. More importantly, we high-
light the Rayleigh distance, which is considered to be the
most representative boundary dividing the near-field and far-
field regions [4]. As observed, the involvement of Green’s
functions-based near-field scenarios significantly improves
the EDoF performance compared with those of the planar
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Fig. 11. EDoF performance for 2D CAP square plane-based XL-MIMO
system against the side-length Lt,V = Lr,V over Green’s function-based
channels with different numbers of polarization with D = 6λ .

Fig. 12. Impact of the mutual coupling on the EDoF performance for
UPA-based with infinitely thin dipoles with Lt,V = Lr,V = 2λ and
D = 1λ . For the parameters in Section V, we have ZL = 50Ω, η = 120 π,
γ0 = 0.577, dl = 0.1λ , and, a = 10−5λ .

wave-based far-field scenarios. Moreover, the EDoF in far-field
scenarios utilizing scalar and dyadic Green’s functions-based
channel model are 1 and 2, respectively, validating the asser-
tions made in Remark 10.

Fig. 11 evaluates the effects of polarization in channels on
the EDoF performance. We consider the EDoF performance
for the 2D CAP square plane-based XL-MIMO system as
a function of the side-length over channels with different
numbers of polarization. We can observe that the triple and
double polarized channels can enhance the EDoF performance
compared with that of the single polarized channel, i.e.,
scalar Green’s function-based channel. Furthermore, with the
increase of the side-length, the EDoF performance improve-
ment for the triple polarized channel compared with that of
the double and single polarized channels becomes larger, e.g.
23.2% and 135.5% improvement for Lt,V = 12λ as well as
8.6% and 113.4% improvement for Lt,V = 6λ , respectively.
More importantly, we observe that when the side-length is
small, the EDoF performance of the triple polarized channel
closely approaches the EDoF performance of the double polar-
ized channel. This phenomenon is due to the fact that when the
transmitting distance is comparable to the physical size of the
system, the effect of z polarization vanishes. In other words,
for an XL-MIMO system with a fixed physical size, the effect
of z polarization would diminish and eventually vanish with
the increase of the transmitting distance D.

In Fig. 12, we study the impact of the mutual coupling effect
on EDoF performance. As observed, with the involvement of
mutual coupling, the EDoF performance in both the dyadic and
scalar Green’s function-based scenarios first reaches maximum
values and then degrades as the number of antennas increases.

This is due to the mutual coupling effect becoming more
severe with the decrease in antenna spacing, induced by the
increase in the number of antennas in the invariant array
aperture. Besides, the performance gap between the EDoF
performance with and without the involvement of mutual
coupling becomes larger with the increase of the number
of antennas. For instance, there are about 12.6% and 11%
performance gaps between the EDoF performance with and
without mutual coupling in the dyadic and scalar Green’s
functions-based scenarios, respectively. Furthermore, it is vital
to select the proper number of antennas to achieve the optimal
EDoF performance due to the existence of the practical mutual
coupling effect.

VII. CONCLUSION

In this paper, we presented a comprehensive investi-
gation of the EDoF performance analysis framework for
near-field XL-MIMO systems. We studied both the discrete
XL-MIMO designs, i.e., UPA-based XL-MIMO designs with
infinitely thin dipoles or patch antennas and ULA-based XL-
MIMO design, and the continuous XL-MIMO designs, i.e.
2D CAP plane-based XL-MIMO design and 1D CAP line
segment-based XL-MIMO design. Notably, scalar and dyadic
Green’s function-based near-field channel models were con-
sidered. When applying the scalar channels, we derived the
closed-form EDoF expressions. In numerical results, we thor-
oughly evaluated and compared the EDoF performance for all
studied scenarios. The accuracy of the proposed closed-form
results was validated through extensive simulation results.
More significantly, we observed that the consideration of
multiple polarization and the increase of array aperture could
benefit the EDoF performance. In particular, the EDoF is
constrained by the array aperture size and thus shows saturated
values as the number of antennas increases.

APPENDIX A
USEFUL RESULTS

In this appendix, we provide some useful basics, which
will be applied for the computation of EDoF closed-form
expressions later. For a real-valued number x, by applying
the first-order Taylor expansion, we have

√
x+ 1 ≈ 1 +

x

2
. (35)

Besides, we have

arctanx ≈ x. (36)

Moreover, for two variables x and y approaching 0, we have

x2 + y2 ≈ (x+ y)
2

2

(37)

Then, we list the indefinite integral expressions used in the
following. With a constant a, we have∫

x

x2 + a2
dx =

1
2

ln
(
x2 + a2

)
, (38)∫

1
x2 + a2

dx =
1
a

arctan
x

a
a > 0, (39)

Authorized licensed use limited to: KTH Royal Institute of Technology. Downloaded on October 18,2025 at 11:09:11 UTC from IEEE Xplore.  Restrictions apply. 



3478 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 24, NO. 4, APRIL 2025∫
ln
(
a2 + x2

)
dx = x ln

(
a2 + x2

)
− 2x+ 2a arctan

x

a
,

(40)∫
x ln

(
a2 + x2

)
dx =

x2 + a2

2
ln
(
a2 + x2

)
− 1

2
x2. (41)

Moreover, with constants a and b, we have∫
a

(b+ y2)2
dy =

ay

2b (y2 + b)
+

a

2b
√
b

arctan
(
y√
b

)
, (42)∫

ay

(b+ y2)2
dy = − a

2 (b+ y2)
. (43)

APPENDIX B
PROOF OF THEOREM 1

Note that [RS ]m1m2
=
∑N

n=1

exp(jκ0(dnm1−dnm2))
(4π)2dnm1dnm2

, where
dnm1 = |rr,n − rt,m1 | and dnm2 = |rr,n − rt,m2 | are
the distances between the n-th receiving antenna and the
m1,m2-th transmitting antenna, respectively. By applying the
coordinates of the receiving and transmitting antennas defined
in Section II-A and the first-order Taylor expansion as (35),
we can denote dnm1 as (44), shown at the bottom of the page.
By substituting (44) into (8), we can compute the EDoF for
the UPA-based XL-MIMO system over the scalar channel in
the closed-form as Theorem 1.

APPENDIX C
PROOF THEOREM 2

We provide the detailed proof steps to compute the EDoF
for the 2D CAP plane-based XL-MIMO system over the scalar
Green’s function-based channel in a closed-form. Firstly,
we start from the computation of γ. Note that we define

γ =
∫

SR

∫
ST
|G(rr, rt)|2drtdrr as the channel power gain of

the 2D CAP plane-based XL-MIMO system over the scalar
Green’s function-based channel. Based on the probability
theory, we can denote γ as (45), shown at the bottom of
the page, where f (x) and g (y) are the probability density
functions (PDFs) of x ≜ |xt − xr| ∈ [0, Lt,H+Lr,H

2 ] and
y ≜ |yt − yr| ∈ [0, Lt,V +Lr,V

2 ], respectively. As for the
computation of PDFs, we take f (x) as an example. Based
on the value ranges of xt and xr, we can compute the
probability distribution function F (x) based on the area ratio
between the aimed region and the total value region. For the
scenario with Lt,H ⩾ Lr,H , when 0 ⩽ x ⩽ Lt,H−Lr,H

2 ,
we have F (x) = 2x·Lr,H

Lt,HLr,H
= 2x

Lt,H
. When Lt,H−Lr,H

2 ⩽ x ⩽
Lt,H+Lr,H

2 , we have F (x) = [Lt,HLr,H−2 × 1
2 (Lt,H+Lr,H

2 −
x)2]/Lt,HLr,H = 1 − (x− Lt,H+Lr,H

2 )2/Lt,HLr,H . For the
scenario with Lr,H ⩾ Lt,H , similarly, we can derive

F (x) =



2x
Lr,H

, 0 ⩽ x ⩽
Lr,H − Lt,H

2

1−

(
x− Lt,H+Lr,H

2

)2

Lt,HLr,H
,

Lr,H − Lt,H

2
⩽ x ⩽

Lt,H + Lr,H

2
.

(46)

In summary, we have f (x) = F ′ (x) as

f (x) =



2
LH,max

, 0 ⩽ x ⩽
|Lt,H − Lr,H |

2
Lt,H + Lr,H − 2x

Lt,HLr,H
,

|Lt,H − Lr,H |
2

⩽ x ⩽
Lt,H + Lr,H

2
.

(47)

dnm1 =

√
D2 + (−Lr,H

2
+ t (n) ∆r,H +

Lt,H

2
− i (m) ∆t,H)2 + (−Lr,V

2
+ k (n) ∆r,V +

Lt,V

2
− j (m) ∆t,V )2

≈ D +
(−Lr,H

2 + t (n) ∆r,H + Lt,H

2 − i (m) ∆t,H)2 + (−Lr,V

2 + k (n) ∆r,V + Lt,V

2 − j (m) ∆t,V )2

2D
(44)

γ =
∫

SR

∫
ST

|G(rr, rt)|2drtdrr = µ0

∫ Lt,H
2

−
Lt,H

2

∫ Lt,V
2

−
Lt,V

2

∫ Lr,H
2

−
Lr,H

2

∫ Lr,V
2

−
Lr,V

2

dxrdyrdxtdyt

D2 + (xr − xt)
2 + (yr − yt)

2

= µ0Lt,HLr,HLt,V Lr,V

∫ Lt,H+Lr,H
2

0

∫ Lt,V +Lr,V
2

0

f (x) g (y) dxdy
D2 + x2 + y2

(45)

γ12 =
Lt,V + Lr,V

Lt,V Lr,V

1√
D2 + x2

arctan
y√

D2 + x2

∣∣∣∣
Lt,V +Lr,V

2

|Lt,V −Lr,V |
2

− 1
Lt,V Lr,V

ln
(
y2 +D2 + x2

)∣∣Lt,V +Lr,V
2

|Lt,V −Lr,V |
2

=
Lt,V + Lr,V

Lt,V Lr,V

1√
D2 + x2

(
arctan

Lt,V + Lr,V

2
√
D2 + x2

− arctan
|Lt,V − Lr,V |
2
√
D2 + x2

)
− 1
Lt,V Lr,V

ln
(
µ1 + 4x2

µ2 + 4x2

)
. (51)

γ =
1

(4π)2
Lt,HLr,H

∫ |Lt,H−Lr,H |
2

0

γ1
2

LH,max
dx+

1
(4π)2

Lt,HLr,H

∫ Lt,H+Lr,H
2

|Lt,H−Lr,H |
2

γ1
Lt,H + Lr,H − 2x

Lt,HLr,H
dx (53)
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Similarly, we can derive g (y) as

g (y) =



2
LV,max

, 0 ⩽ y ⩽
|Lt,V − Lr,V |

2
Lt,V + Lr,V − 2y

Lt,V Lr,V
,

|Lt,V − Lr,V |
2

⩽ y ⩽
Lt,V + Lr,V

2
,

(48)

where LV,max = max {Lt,V , Lr,V }. Then, we define

γ1 = Lt,V Lr,V

∫ Lt,V +Lr,V
2

0

g (y)
D2 + x2 + y2

dy

= Lt,V Lr,V (γ11 + γ12) , (49)

where γ11 =
∫ |Lt,V −Lr,V |

2
0

1
D2+x2+y2

2
LV,max

dy and γ12 =∫ Lt,V +Lr,V
2

|Lt,V −Lr,V |
2

1
D2+x2+y2

Lt,V +Lr,V −2y
Lt,V Lr,V

dy. For γ11, we have

γ11
(a)
=

2
LV,max

1√
D2 + x2

arctan
y√

D2 + x2

∣∣∣∣
|Lt,V −Lr,V |

2

0

=
2

LV,max

1√
D2 + x2

arctan
|Lt,V − Lr,V |
2
√
D2 + x2

, (50)

where (a) follows (39) by letting a2 = D2 + x2. As for
γ12, based on (38) and (39) by letting a2 = D2 + x2,
we can compute γ12 as (51), shown at the bottom of the
previous page, where µ1 = (Lt,V − Lr,V )2 + 4D2 and µ2 =
(Lt,V + Lr,V )2 + 4D2. Then, by substituting (50) and (51)
into (49) and applying (36), we have

γ1 =
2Lt,V Lr,V

D2 + x2
+ ln(

µ1 + 4x2

µ2 + 4x2
). (52)

Then, based on γ1, we can denote γ =
1

(4π)2
Lt,HLr,H

∫
x
γ1f (x) dx as (53), shown at the bottom

of the previous page. To compute (53), we define
T (x) ≜

∫
γ1dx and Q (x) ≜

∫
γ1xdx. Relying

on (39) and (40), we can derive T (x) as given in (19),
where

∫
ln(µ1 + 4x2)dx = 1

2

∫
ln(µ1 + (2x)2)d2x =

x ln(µ1 + 4x2) − 2x +
√
µ1 arctan 2x√

µ1
. Then, based

on (38) and (41), we can compute Q (x) as given in (20),
where

∫
x ln(µ1 + 4x2)dx = 1

4

∫
2x ln[µ1 + (2x)2]d2x =

1
2x

2 ln(µ1 + 4x2) − 1
2x

2 + 1
8µ1 ln(µ1 + 4x2). Thus,

by substituting (52) into (53) and applying (19) and (20),
we can compute γ as the form shown in (18).

Then, we focus on the computation of the denominator ξ
in detail. By substituting the coordinates into (14), we can
represent the auto-correlation kernel function K(rt, rt′)
as (54), shown at the bottom of the page, where step
(a) is implemented based on the approximation as shown
in (55), shown at the bottom of the page. Note that step (c)
in (55) neglects 1/D4-related components and applies (37).
Besides, step (c) in (55) follows from (35). Moreover,
in step (b) of (54), we assume to neglect the effects of
exp(·)-related components on the computation of the integral.
Then, by substituting (54) into

∫
ST

∫
ST
|K(rt, rt′)|2drtdrt′ ,

we can represent the denominator of (16) as (56), shown
at the bottom of the page. Note that it is very challenging
to directly compute

∫
ST

∫
ST
|K(rt, rt′)|2drtdrt′ with the

effect of exp(·)-related components due to the strong
mutual relationship between each integrated functions.
Thus, we impose an assumption to extract the exp(·)-
related components and approximately compute them
separately from other components as (56), where φ =

1
N2

s M2
s

∑Ms

o=1

∑Ms

u=1 |
∑Ns

k′=1 exp(jκ0dk′o) exp(−jκ0d
′
k′u)|2

is the approximated exp(·)-related component. Besides,

K(rt, rt′)
(a)
≈
∫

xr

∫
yr

exp(jκ0

√
(xt − xr)2 + (yt − yr)2 +D2) exp(−jκ0

√
(xt − xr)2 + (yt − yr)2 +D2)

(4π)2 [D2 + (yt+yt′
2 )2 + (xt+xt′

2 )2]
dxrdyr

(b)
≈
Lr,HLr,V exp(jκ0

√
(xt − xr)2 + (yt − yr)2 +D2) exp(−jκ0

√
(xt − xr)2 + (yt − yr)2 +D2)

(4π)2 [D2 + (yt+yt′
2 )2 + (xt+xt′

2 )2]
(54)

√
[D2 + (xt − xr)2 + (yt − yr)2][D2 + (xt′ − xr)2 + (yt′ − yr)2]

= D2

√√√√√√√ 1 +
(xt′ − xr)

2

D2
+

(xt − xr)
2

D2
+

(yt′ − yr)
2

D2
+

(yt − yr)
2

D2
+

(yt − yr)
2 (xt′ − xr)

2

D4

+
(yt − yr)

2 (yt′ − yr)
2

D4
+

(xt − xr)
2 (xt′ − xr)

2

D4
+

(xt − xr)
2 (yt′ − yr)

2

D4

(c)
≈ D2

√
1 +

(xt′ + xt)
2

2D2
+

(yt′ + yt)
2

2D2

(d)
≈ D2 + (

xt + xt′

2
)2 + (

yt + yt′

2
)2 (55)

∫
ST

∫
ST

|K(rt, rt′)|2drtdrt′ = lim
Ms→∞

lim
Ns→∞

φ×
∫

ST

∫
ST

| Lr,HLr,V

(4π)2 [D2 + (yt+yt′
2 )2 + (xt+xt′

2 )2]
|2drtdrt′︸ ︷︷ ︸

ζ

(56)
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dk′o = |rr,k′ − rt,o| and d′k′u = |rr,k′ − rt′,u| are the
distances between k′-th uniformly random sampled receiving
point and the o-th or u-th uniformly random sampled
transmitting point, with rr,k′ ∈ SR, {rt,o, rt′,u} ∈ ST ,
{o, u} = {1, . . . ,Ms}, and k′ = {1, . . . , Ns}.

Furthermore, we focus on the computation of ζ in (56).
Inspired by [42], we let y ≜ |yt+yt′ |

2 and x ≜ |xt+xt′ |
2 , and

thus, we can denote ζ as

ζ =
∫

x

∫
y

µ3j (x)w (y)SxSy

(D2 + x2 + y2)2
dxdy, (57)

where Sx = L2
t,H is the area of the integration region

of x, Sy = L2
t,V is the area of the integration region

of y, j(x) is the PDF of x, w(y) is the PDF of y, and
µ3 = µ0L

2
r,HL

2
r,V . Based on the similar method above, we can

derive j(x) and w(y) as j (x) = 4Lt,H−8x

L2
t,H

, 0 ⩽ x ⩽ Lt,H

2

and w (y) = 4Lt,V −8y

L2
t,V

, 0 ⩽ y ⩽ Lt,V

2 , respectively.
By substituting j(x) and w(y) into (57), we can compute

ζ =
∫ Lt,H

2
0

µ3 (4Lt,H − 8x)L2
t,V /

(
D2 + x2

)2︸ ︷︷ ︸
g

dx
(a)
=

4µ3L2
t,HL2

t,V

D2(4D2+L2
t,H)

+ 2µ3Lt,HL2
t,V

D3 arctan Lt,H

2D + 4µ3L2
t,V

(4D2+L2
t,H)

−
4µ3L2

t,V

D2 , where step (a) is implemented based
on (42) and (43). As for g, we have g =∫ Lt,V

2
0

(4Lt,V − 8y) 1
(D2+x2+y2)2

dy as

g
(b)
≈

[
4Lt,V y

2 (D2 + x2) (y2 +D2 + x2)
+

4Lt,V y

2 (D2 + x2)2

]∣∣∣∣∣
Lt,V

2

0

+
4

(D2 + x2 + y2)

∣∣∣∣
Lt,V

2

0

=
L2

t,V

(D2 + x2)2
(58)

where step (b) follows from (42), (43) and applies (36) to
approximate arc(·)-related component.

In summary, we can approximately compute (56) in novel
closed-form as (21) and complete the proof of Theorem 2.
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