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Abstract

In this paper, we investigate a cell-free massive MIMO system with both access points (APs) and user

equipments (UEs) equipped with multiple antennas over jointly-correlated Rayleigh fading channels. We study four

uplink implementations, from fully centralized processing to fully distributed processing, and derive their achievable

spectral efficiency (SE) expressions with minimum mean-squared error successive interference cancellation (MMSE-

SIC) detectors and arbitrary combining schemes. Furthermore, the global and local MMSE combining schemes are

derived based on full and local channel state information (CSI) obtained under pilot contamination, which can

maximize the achievable SE for the fully centralized and distributed implementation, respectively. We study a

two-layer decoding implementation with an arbitrary combining scheme in the first layer and optimal large-scale

fading decoding (LSFD) in the second layer. Besides, we compute novel closed-form SE expressions for the two-

layer decoding implementation with maximum ratio (MR) combining. In the numerical results, we compare the SE

performance for different implementation levels, combining schemes, and channel models. It is important to note

that increasing the number of antennas per UE may degrade the SE performance.
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I. INTRODUCTION

Cell-Free massive multiple-input multiple-output (CF mMIMO) has been considered as a promising

technology for future wireless communication [1], [2]. The basic idea of CF mMIMO is to deploy a large

number of access points (APs), which are geographically distributed in the coverage area and connected

to the central processing unit (CPU) via fronthaul connections. With the mutual cooperation and the

assistance from the CPU, all APs coherently serve all user equipments (UEs) by spatial multiplexing

on the same time-frequency resource [2]–[5]. The main characteristic of CF mMIMO, compared with

the traditional cellular mMIMO, is that the number of APs is envisioned to be much larger than the

number of UEs and the operating regime with no cell boundaries [5]. The vast majority of papers on CF

mMIMO rely upon a distributed implementation with the maximum ratio (MR) processing [2], [6], while

[3] noticed that higher SE can be achieved with the assistance from partially or fully centralized processing

at the CPU. Besides, the two-layer decoding scheme studied in [7]–[9] for CF mMIMO is considered as

an effective decoding technique with the arbitrary combining scheme in the first layer decoder and the

large-scale fading decoding (LSFD) method in the second layer decoder. The authors of [5] investigated

four different CF mMIMO implementations from fully centralized to fully distributed with global or local

minimum mean-square error (MMSE) combining and showed that the CF mMIMO system is competitive

with the centralized implementation and MMSE processing compared with the cellular mMIMO and the

small cell network.

The vast majority of existing papers focused on the analysis of CF mMIMO with single-antenna UEs,

e.g. [1]–[5]. However, in practice, contemporary UEs with moderate physical sizes (e.g. laptops, tablets,

and vehicles) have already been equipped with multiple antennas to achieve higher multiplexing gain

and boost the SE performance. So it is necessary to evaluate the performance for CF mMIMO systems

with multi-antenna UEs. Besides, the effects of additional antennas at UEs should also be investigated

to design the CF mMIMO system effectively. Recent works have investigated the performance of the

CF mMIMO system with multi-antenna UEs, e.g. [4], [10]–[13]. The authors in [4] investigated the CF

mMIMO system with a user-centric (UC) approach wherein both APs and UEs are equipped with multiple

antennas. Besides, the downlink performance of the CF mMIMO system with multi-antenna UEs was

analyzed in [11], where two downlink transmission protocols (with/without downlink pilot transmission)

were considered. In addition, the authors of [10] considered the uplink (UL) of the CF mMIMO system

with multi-antenna UEs and derived the closed-form UL SE expressions. Moreover, the authors of [12] and
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[13] evaluated the performance for the CF mMIMO system with multi-antenna UEs and low-resolution

DACs or ADCs. However, all these works are based on a classical distributed processing scheme as in

[2] (so-called “Level 2” in [5]) but neglect pragmatic processing schemes in CF mMIMO, e.g. “fully

centralized processing” and “LSFD scheme”.

Moreover, all works about CF mMIMO with multi-antenna UEs made the overly idealistic and simpli-

fying assumption of independent and identically distributed (i.i.d.) Rayleigh fading channels. It has been

proved that the spatial correlation that exists in any practical channel may have a significant impact on

performance [9], [14], [15]. To the best of the authors’ knowledge, there is no research on CF mMIMO with

multi-antenna UEs over practical correlated channels so far. On the other hand, works on the traditional

cellular mMIMO with multi-antenna UEs mainly focused on the classic Kronecker channel model [16]–

[19], modeling the spatial correlation properties at the AP-side and UE-side separately. However, the

authors of [20] mentioned that the classic Kronecker model neglects the joint correlation feature of the

channel. As a remedy, a more practical channel model called the jointly-correlated Weichselberger model

was proposed in [21], which not only considers the correlation features at both the AP-side and UE-side

but models the joint correlation dependence between each AP-UE pair.

Motivated by the above observations, we investigate a CF mMIMO system with multi-antenna UEs over

Rayleigh fading channels described by the jointly-correlated Weichselberger model. The comparisons of

relevant literature with this paper are summarized in Table I. The major contributions of this paper are

listed as follows.

• We consider a CF mMIMO system with multi-antenna UEs and the pilot contamination over the

jointly-correlated Rayleigh fading channel, which is firstly considered in CF mMIMO, and investigate

four different UL implementations from fully centralized to fully distributed inspired by [5].

• We derive achievable UL SE expressions for four implementations with MMSE-SIC detectors and

arbitrary combining schemes and compute novel closed-form SE expressions for Level 3 and Level 2

with MR combining. Note that our derived expressions hold for arbitrary combining scheme, arbitrary

UL precoding scheme, and any Rayleigh fading channel models, e.g the Weichselberger model, the

Kronecker model, and the i.i.d. Rayleigh fading model, etc.

• We investigate global MMSE and local MMSE combining schemes for the scenario with multi-

antenna UEs. Besides, we show that global MMSE combining in Level 4 and L-MMSE combining

in Level 1 is also optimal to achieve the maximum SE value, respectively. Moreover, in Level 3,
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TABLE I: Comparison of relevant literature with this paper.

Ref.
Multi-antenna

UEs
Correlation

Joint
correlation

Fully
centralized
processing

LSFD
MMSE

processing
Pilot con-
tamination

Closed-form

[5] % ! % ! ! ! ! %

[4] ! % % % % ! ! %

[11] ! % % % % ! % !

[13] ! % % % % % % !

Proposed ! ! ! ! ! ! ! !

the optimal LSFD scheme with multi-antenna UEs is proposed, which not only minimizes the MSE

between the two-layer decoding signal and the original signal but maximizes the achievable SE for

Level 3.

The rest of this paper is organized as follows. In Section II, we describe the Weichselberger channel

model for a CF mMIMO system, investigate some practical channel models and discuss their relationships

to the Weichselberger model and describe the phases of a CF mMIMO system, including the channel

estimation and uplink data transmission. Next, Section III introduces four levels of AP cooperation.

The achievable SE, MMSE or LMMSE combining, the optimal LSFD scheme and novel closed-form SE

expressions for Level 3 and Level 2 with MR combining are also provided in this section. Then, numerical

results and performance analysis are provided in Section IV. Finally, the major conclusions and future

directions are drawn in Section V.

Notation: Column vectors and matrices are denoted by boldface lowercase letters x and boldface

uppercase letters X, respectively. (·)∗, (·)T , and (·)H represent conjugate, transpose, and conjugate trans-

pose, respectively. We use diag (A1, · · · ,An) to denote a block-diagonal matrix with the square matrices

A1, · · · ,An on the diagonal. E {·}, tr {·} and , represent the expectation operator, the trace operator and

the definitions, respectively. |·| denotes the determinant of a matrix or the absolute value of a number. The

n× n identity matrix is In×n. A column vector formed by the stack of the columns of A is represented

by vec (A). ⊗ and ⊙ denote the Kronecker products and the element-wise products, respectively. ‖·‖ and

‖·‖F are the Euclidean norm and the Frobenious norm, respectively. The M ×N matrix with unit entries

is denoted by 1M×N . x ∼ NC (0,R) represents a circularly symmetric complex Gaussian distribution

vector with correlation matrix R.
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II. SYSTEM MODEL

As illustrated in Fig. 1, we consider a CF mMIMO system consisting of M APs and K UEs arbitrarily

distributed in a wide coverage area. L and N denote the number of antennas per AP and UE, respectively.

Let Hmk ∈ CL×N denote the channel response between AP m and UE k. We assume that Hmk ∈ CL×N

for every AP m-UE k pair is independent, m = 1, . . . ,M, k = 1, . . . , K. We investigate a standard

block fading model, where the channel responses are assumed to be constant and frequency flat in a

coherence block of τc-length (in channel uses) and τc is equal to the product of the coherence bandwidth

and coherence time [22]. Besides, τp and τu = τc − τp channel uses are reserved for the training and the

data transmission, respectively.

CPU

Fronthaul 

Fig. 1: Illustration of a CF mMIMO system.

A. Foundation of Weichselberger Rayleigh Fading Channels

In this paper, we consider the jointly-correlated (also known as the Weichselberger model [21]) Rayleigh

fading channels as

Hmk = Umk,r

(

W̃mk ⊙Hmk,iid

)

UH
mk,t (1)

where Hmk,iid ∈ CL×N is composed of i.i.d. NC (0, 1) random entries, Umk,r = [umk,r,1, · · · ,umk,r,L] ∈
CL×L and Umk,t = [umk,t,1, · · · ,umk,t,N ] ∈ CN×N denote the eigenvector matrices of the one-sided

correlation matrices Rmk,r , E[HmkH
H
mk] ∈ CL×L and Rmk,t , E[HT

mkH
∗
mk] ∈ CN×N , respectively.

Moreover, W̃mk is the element-wise square root of the “eigenmode coupling matrix” Wmk , W̃mk ⊙
W̃mk ∈ RL×N with the (l, n)-th element [Wmk]ln specifying the average amount of power coupling from

umk,r,l to umk,t,n. Besides, Wmk links the joint correlation properties between AP m and UE k and shows

the spatial arrangement of scattering objects. Let λmk,r ∈ RL and λmk,t ∈ RN denote the eigenvalues-
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vectors of the one-sided correlation matrices, whose l-th element [λmk,r]l and n-th element [λmk,t]n are

given through

[λmk,r]l =
N∑

n=1

[Wmk]ln, [λmk,t]n =
L∑

l=1

[Wmk]ln. (2)

Note that the one-sided correlation matrices can be constructed as Rmk,r = Umk,rdiag(λmk,r)U
H
mk,r and

Rmk,t = Umk,tdiag(λmk,t)U
H
mk,t. In addition, Hmk can be formed as Hmk = [hmk,1, · · · ,hmk,N ], where

hmk,n ∈ C
L is the channel between AP m and n-th antenna of UE k. As shown in [23], the channel can

be modeled as hmk = vec(Hmk) ∼ NC(0,Rmk), where Rmk , E[vec(Hmk)vec(Hmk)
H ] ∈ CLN×LN is

the full correlation matrix as

Rmk =
(
U∗

mk,t ⊗Umk,r

)
diag (vec (Wmk))

(
U∗

mk,t ⊗Umk,r

)H

=

L∑

l=1

N∑

n=1

[Wmk]ln
(
u∗
mk,t,n ⊗ umk,r,l

) (
u∗
mk,t,n ⊗ umk,r,l

)H
.

(3)

We can also structure the full correlation matrix in the block form as [24] where the (n, i)-th submatrix is

Rni
mk = E{hmk,nh

H
mk,i} with hmk,n and hmk,i being the n-th column and i-th column of Hmk, respectively.

Note that the large-scale fading coefficient between AP m and UE k can be extracted from the full

correlation matrix Rmk as

βmk =
1

LN
tr (Rmk) =

1

LN
‖Wmk‖1 . (4)

Remark 1. The full correlation matrix in (3) shows a Kronecker structure on eigenmode level and is

determined by the unitary matrix Umk,r at the AP side, Umk,t at the UE side and the coupling matrix Wmk.

The eigenvalues-vectors λmk,r and λmk,t don’t influence the correlation matrix directly but are implicitly

given through (2). Moreover, the large-scale fading coefficient is reflected in the coupling matrix Wmk

so that the power constraint in (4) should be satisfied in all scenarios investigated.

B. Special Cases of Weichselberger Fading Channels

In this subsection, we investigate some practical channel models and discuss their relationships to the

Weichselberger model. Note that the jointly-correlated model investigated in (1) embraces most channels

of great interest. And structures of Wmk display the spatial arrangement of scattering objects in the

real environment. In Fig. 2, we show different structures of Wmk and their respective physical radio

environments, where the black dots denote the scattering objects. Note that [Wmk]ln is the average power

between the l-th eigenmode of the AP-side and the n-th eigenmode of the UE-side so a nonzero entry
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of Wmk shows a link between the respective eigenmodes (gray squares in W) and a zero-entry denotes

an inactive link between the respective eigenmodes (white squares in W). The coupling matrices and

corresponding physical radio environments of the Weichselberger model are represented by W1.

(a). Classical Weichselberger model (b). Classical Kronecker model

(c). A locally rich scattering environment at the AP-side (d). A locally rich scattering environment at the UE-side

Fig. 2: Different structures of the coupling matrix and respective physical radio environments.

1) The Kronecker Channel Model: Firstly, we investigate the relationship between the Weichselberger

model and the classical Kronecker model. As observed in W2, both the AP-side and UE-side go through

locally rich scattering environments so we can model spatial correlation properties separately. And Wmk

has rank-one form as

Wmk =
1

LNβmk

λmk,rλ
T
mk,t, (5)

where λmk,r and λmk,t are defined in (2). The classic Kronecker model neglects the joint spatial correlation

structure and the channel in (1) can be written as

Hmk =
1√

LNβmk

√

Rmk,rHmk,iid

√

Rmk,t, (6)

The full correlation matrix Rmk can be reformulated as Rmk = 1
LNβmk

(
RT

mk,t ⊗Rmk,r

)
[25].

Moreover, a special case for (6) is “Rmk,r = βmkIL, Rmk,t 6= βmkIN”, which denotes the scenario with

only correlation properties at AP-sides and no correlation properties at UE-sides. And a similar case with

“Rmk,r 6= βmkIL, Rmk,t = βmkIN” means that the scenario with only correlation properties at UE-sides

and no correlation properties at AP-sides.

2) Practical Radio Environments: Then, we elaborate on some practical physical radio environments,

which are reflected in the structures of W. As shown in W3, only a single column is available in W,

which shows a locally rich scattering environment at the AP-side. A similar structure for the case of “a

locally rich scattering environment at the UE-side” can be represented by W4 with only a single row

available.
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3) The I.I.D. Rayleigh Fading Channel: Last but not least, we focus on the i.i.d. Rayleigh fading

channel, which is widely assumed in prior works [4], [10]–[13]. The channel model in (1) reduces to the

uncorrelated Rayleigh fading channel if all the elements in Wmk are equal shown as

Wmk = βmk1L×N . (7)

Then, (1) will reduce to Hmk =
√
βmkHmk,iid. Even though the i.i.d. Rayleigh fading channel is widely

investigated in prior works, (1) is undoubtedly a more practical choice for CF mMIMO systems with

multi-antenna APs and UEs, which can characterize the joint-correlation features in practical scenarios.

C. Uplink Transmission

1) Channel Estimation: In this phase, τp-length channel uses are adopted for the channel estimation.

Note that τp mutually orthogonal τp-length pilot sequences are used for this phase and each pilot matrix

is composed of N pilot sequences selected from the pilot book. Let Φk ∈ Cτp×N denote the pilot matrix

of UE k with ΦH
k Φl = τpIN , if l = k and 0 otherwise. As in [10] and [11], all UEs can be assigned to

mutually orthogonal pilot matrices if τp > KN . However, we consider a more practical scenario where

more than one UE is assigned to a same pilot matrix. We define Pk as the index subset of UEs that use

the same pilot matrix as UE k including itself.

All UEs send pilot matrices to APs and the received signal Yp
m ∈ CL×τp at AP m is

Yp
m =

K∑

k=1

HmkΩkΦ
T
k +Np

m, (8)

where Ωk ∈ CN×N is the precoding matrix of UE k during the phase of pilot transmission1, Np
m ∈ CL×τp

is the additive noise at AP m with independent NC(0, σ
2) elements and σ2 is the noise power, respectively.

The pilot transmission is under the pilot power constraint as tr(ΩkΩ
H
k ) 6 p̂k, where p̂k is the maximum

pilot transmit power of UE k.

To obtain sufficient statistics for channel estimation, AP m computes the projection of Yp
m onto Φ∗

k as

Y
p
mk = Yp

mΦ
∗
k =

K∑

l=1

HmlΩl

(
ΦT

l Φ
∗
k

)
+Np

mΦ
∗
k

=
∑

l∈Pk

τpHmlΩl +Qp
m,

(9)

1We assume Ωk and Pk in the following are available at all APs and the CPU.
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where Qp
m , Np

mΦ
∗
k. By implementing the vectorization operation for Y

p
mk, we derive y

p
mk = vec (Yp

mk) ∈
CLN

y
p
mk =

∑

l∈Pk

τp
(
ΩT

l ⊗ IL
)
vec (Hml)+vec (Qp

m)

=
∑

l∈Pk

τpΩ̃lhml + qp
m,

(10)

where Ω̃l , ΩT
l ⊗ IL and qp

m , vec (Qp
m). As in [23], the MMSE estimate of hmk is

ĥmk = vec(Ĥmk) = RmkΩ̃
H
k Ψ

−1
mky

p
mk, (11)

where Ψmk = E{yp
mk(y

p
mk)

H}/τp =
∑

l∈Pk
τpΩ̃lRmlΩ̃

H
l + σ2ILN . The estimate ĥmk and estimation error

h̃mk = vec(H̃mk) = hmk − ĥmk are independent random vectors distributed as ĥmk ∼ NC(0, R̂mk),

h̃mk ∼ NC(0,Cmk) with R̂mk , τpRmkΩ̃
H
k Ψ

−1
mkΩ̃kRmk and Cmk = E{vec(H̃mk)vec(H̃mk)

H} = Rmk −
τpRmkΩ̃

H
k Ψ

−1
mkΩ̃kRmk. We can also structure the full covariance matrix of the channel estimate into a

block form with the (n, i)-th submatrix being R̂ni
mk = E{ĥmk,nĥ

H
mk,i}, where ĥmk,n and ĥmk,i are the n-th

and i-th column of Ĥmk, respectively.

2) Data Transmission: The transmitted signal sk = [sk,1, · · · , sk,N ]T ∈ C
N from UE k can be con-

structed as sk = Pkxk, where xk ∼ NC (0, IN) is the data symbol transmitted from UE k and Pk ∈ CN×N

is the precoding matrix during the phase of data transmission which should satisfy the power constraint

of UE k as tr(PkP
H
k ) 6 pk with pk is the maximum transmitted power of UE k, respectively.

The received signal ym ∈ CL at AP m is

ym =
K∑

k=1

Hmksk + nm =
K∑

k=1

HmkPkxk + nm, (12)

where nm ∼ NC(0, σ
2IL) is the independent receiver noise.

III. FOUR SIGNAL PROCESSING SCHEMES

Due to the versatile network topology of CF mMIMO, four signal processing schemes were investigated

in [5] with the multi-antenna APs/single-antenna UEs scenario, depending on the required performance and

complexity tradeoff. To the best of the authors’ knowledge, recent works for UL analysis of CF mMIMO

with multi-antenna UEs [4], [10], [12], consider the classical processing structure of CF mMIMO (so-called

“Level 2” in [5]). So it is undoubtedly vital to investigate other processing schemes with multi-antenna

UEs to provide important results and insights for practical CF mMIMO systems. To better distinguish
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CPUAPUE

Pilot Received pilot signals

Channel 

estimation 

UL data Received data signals

(a). Level 4: Fully Centralized Processing

CPUAPUE

Pilot

UL data Local data estimates  

(b). Level 3: Local Processing & Large-Scale Fading Decoding

Channel 

estimation 

CPUAPUE

Pilot

UL data Local data estimates  

(c). Level 2: Local Processing & Simple Centralized Decoding

CPUAPUE

Pilot

UL data

(d). Level 1: Small-Cell Network

UL Pilot 

Transmission

UL Data 

Transmission

UL Pilot 

Transmission

UL Data 

Transmission

Data 

Decoding  
Local data 

decoding  

Channel 

estimation 

Channel 

estimation 

Local data 

decoding  

Final data decoding        

with a simple scheme 

Local data 

decoding  

UL Pilot 

Transmission

UL Pilot 

Transmission

UL Data 

Transmission

UL Data 

Transmission

Final data decoding        

with  LSFD scheme 

Fig. 3: The comparison of four UL implementations.

the differences between four implementations clearly, the comparison of four levels investigated below is

shown as Fig. 3 (we follow the naming principle in [5]).

A. Level 4: Fully Centralized Processing

In this processing scheme, all the channel estimation and data detection are processed in the CPU. All

APs serve only as relays by sending all received pilot signals and received data signals to the CPU. The

pilot signal Yp
c ∈ CML×τp at the CPU can be formed as

Yp
c =













Y
p
1

...

Y
p
M













=

K∑

k=1













H1k

...

HMk













ΩkΦ
T
k +













N
p
1

...

N
p
M













. (13)
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For UE k, the collective channel hk ∈ CMLN can be shown as hk = [vec(H1k)
T , · · · , vec(HMk)

T ]T ∼
NC(0,Rk) where Rk = diag(R1k, · · · ,RMk) ∈ CMLN×MLN is the whole correlation matrix of UE k.

As the method of local estimation (9) and (10), the CPU can compute all the MMSE estimates. The col-

lective channel estimate of UE k can be constructed as ĥk ,
[

ĥT
1k, · · · , ĥT

Mk

]T

∼ NC

(
0, τpRkΩ̄

H
k Ψ

−1
k Ω̄kRk

)

where Ψ−1
k = diag

(
Ψ−1

1k , · · · ,Ψ−1
Mk

)
and Ω̄k = diag(Ω̃k, · · · , Ω̃k

︸ ︷︷ ︸

M

).

As for the data detection, the received data signal at the CPU is

[yT
1 , · · · ,yT

M ]T
︸ ︷︷ ︸

= y

=

K∑

k=1

[HT
1k, · · · ,HT

Mk]
T

︸ ︷︷ ︸

= Hk

Pkxk + [nT
1 , · · · ,nT

M ]T
︸ ︷︷ ︸

= n

(14)

or a compact form as

y =

K∑

k=1

HkPkxk + n. (15)

The CPU selects an arbitrary receive combining matrix Vk ∈ CLM×N based on the collective channel

estimates for the detection of xk as

x̌k = VH
k y

= VH
k ĤkPkxk+VH

k H̃kPkxk+

K∑

l 6=k

VH
k HlPlxl+VH

k n.
(16)

Based on (16), we derive the achievable SE for Level 4 by using standard capacity lower bounds [26]

as the following corollary.

Corollary 1. If the MMSE estimator is used to compute channel estimates for all UEs, an achievable SE

for UE k in Level 4 with MMSE-SIC detectors is

SE
(4)
k = (1− τp

τc
)E
{

log2

∣
∣
∣IN +DH

k,(4)Σ
−1
k,(4)Dk,(4)

∣
∣
∣

}

, (17)

where Dk,(4) , VH
k ĤkPk and Σk,(4) , VH

k

(
∑K

l=1 ĤlP̄lĤ
H
l − ĤkP̄kĤ

H
k +

∑K

l=1C
′
l + σ2IML

)

Vk with

P̄k , PkP
H
k . Besides, C′

l = diag (C′
1l, · · · ,C′

Ml) ∈ CML×ML with (j, q)-th element of C′
ml = E{H̃mlP̄lH̃

H
ml}

being [C′
ml]jq =

∑N

p1=1

∑N

p2=1 [P̄l]p2p1[C
p2p1
ml ]jq. The expectations are with respect to all sources of

randomness.

Proof. The proof is given in Appendix A.

Note that any receive combining matrix Vk can be utilized in (17) and the SE can be computed by the
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Monte-Carlo method. The CPU can use all CSI to design Vk and we consider two combining schemes

for Level 4: MR combining Vk = Ĥk and MMSE combining which minimizes the mean-squared error

MSEk = E{‖xk −VH
k y‖2|Ĥk} as

Vk =

(
K∑

l=1

(

ĤlP̄lĤ
H
l +C′

l

)

+ σ2IML

)−1

ĤkPk, (18)

where Ĥl = [ĤT
1l, · · · , ĤT

Ml]
T ∈ CML×N .

Proof. The proof of (18) can be easily derived following from the standard results of matrix derivation

in [27] and is therefore omitted.

In the scenario with single-antenna UEs, so-called MMSE combining can maximize the achievable SE

[5]. In the scenario with multi-antenna UEs, we prove that the MMSE combining matrix in (18) is also

the optimal combining matrix that maximizes (17), which can be obtained as the following theorem.2

Theorem 1. MMSE combining matrix as (18) is the optimal combining matrix leading to the maximum

SE value given as

SE
(4)
k =

(

1− τp
τc

)

E






log2

∣
∣
∣
∣
∣
∣

IN +PH
k Ĥ

H
k

(
K∑

l=1,l 6=k

ĤlP̄lĤ
H
l +

K∑

l=1

C′
l + σ2IML

)−1

ĤkPk

∣
∣
∣
∣
∣
∣






. (19)

Proof. The proof is given in Appendix B.

B. Level 3: Local Processing & Large-Scale Fading Decoding

In this subsection, we investigate a two-layer decoding scheme. Let Vmk ∈ CL×N denote the combining

matrix designed by AP m for UE k. Then, the local estimate of sk at AP m is

x̃mk = VH
mkym

= VH
mkHmkPkxk +

K∑

l=1,l 6=k

VH
mkHmlPlxl +VH

mknm.
(19)

2Note that Theorem 1 shows the optimality of MMSE combining for maximizing SE
(4)
k and absolutely provides the guidance for the

implementation of CF mMIMO with multi-antenna UEs.
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We notice that (19) holds for any combining vector and AP m exploits its local estimate Ĥmk to design

Vmk. One possible choice is MR combining Vmk = Ĥmk. Besides, Local MMSE (L-MMSE) combining

matrix that minimizes MSEmk = E{‖xk −VH
mkym‖2|Ĥmk} is

Vmk =

(
K∑

l=1

(

ĤmlP̄lĤ
H
ml +C

′

ml

)

+ σ2IL

)−1

ĤmkPk. (20)

Proof. The proof of (20) is similar to the proof of (18) and is therefore omitted.

Remark 2. Note that MMSE combining matrix in Level 4 not only minimizes the MSE but maximizes the

achievable SE. A similar combining scheme called L-MMSE combining is proposed based on the local

CSI at each AP. Note that L-MMSE combing can maximize the achievable SE if the corresponding AP

is the only one decoding the signal (this scenario will be investigated as a “small-cell network”). So

L-MMSE combing scheme is a heuristic combining scheme in this Level but undoubtedly makes sense.

A second layer decoding structure called “LSFD” is implemented [5], [9]. The local estimates s̃mk are

sent to the CPU where they are weighted by the LSFD coefficient matrix as

x̂k =
M∑

m=1

AH
mkx̃mk =

M∑

m=1

AH
mkV

H
mkHmkPkxk +

M∑

m=1

K∑

l=1,l 6=k

AH
mkV

H
mkHmlPlxl+n′

k, (21)

where Amk ∈ CN×N is the complex LSFD coefficient matrix for AP m and UE k and n′
k =

∑M

m=1A
H
mkV

H
mknm.

Then we define Ak , [AT
1k, · · · ,AT

Mk]
T ∈ CMN×N and Gkl ,

[
VH

1kH1l; · · · ;VH
MkHMl

]
∈ CMN×N ,

so (21) can be rewritten as

x̂k = AH
k GkkPkxk +

K∑

l=1,l 6=k

AH
k GklPlxl + n′

k. (22)

Note that only channel statistics are available at the CPU so we apply the classical use-and-then-forget

(UatF) bound [22] to compute the achievable SE for the LSFD scheme as the following corollary.

Corollary 2. An achievable SE for UE k in Level 3 with MMSE-SIC detectors is

SE
(3)
k =

(

1− τp
τc

)

log2

∣
∣
∣IN +DH

k,(3)Σ
−1
k,(3)Dk,(3)

∣
∣
∣ , (23)

where Dk,(3) , AH
k E{Gkk}Pk and Σk,(3) ,

∑K

l=1A
H
k E{GklP̄lG

H
kl}Ak−Dk,(3)D

H
k,(3)+σ2AH

k SkAk with

Sk , diag(E{VH
1kV1k}, · · · ,E{VH

MkVMk}) ∈ C
MN×MN .

Proof. The proof of (23) is similar to the proof of (18) and is therefore omitted.
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The complex LSFD coefficient matrix Ak can be optimized by the CPU to maximize the achievable

SE of UE k for Level 3 in (23) as the following theorem.

Theorem 2. The achievable SE in (23) is maximized by

Ak =

(
K∑

l=1

E
{
GklP̄lG

H
kl

}
+ σ2Sk

)−1

E {Gkk}Pk, (24)

which leads to the maximum value as

SE
(3)
k =

(

1− τp
τc

)

log2

∣
∣
∣
∣
∣
∣

IN +PH
k E
{
GH

kk

}

(
K∑

l=1

E
{
GklP̄lG

H
kl

}
− E {Gkk} P̄kE

{
GH

kk

}
+ σ2Sk

)−1

E {Gkk}Pk

∣
∣
∣
∣
∣
∣

(25)

Proof. The proof is similar to the proof of Theorem 1 and is therefore omitted.

Note that the CPU is only aware of channel statistics, so the optimal LSFD coefficient matrix in (24)

can also minimize the conditional MSE of UE k MSELSFD
k = E

{
‖xk − x̂k‖2 |Θ

}
, which is proven in

Appendix C with Θ being all the channel statistics. Furthermore, if MR combining Vmk = Ĥmk is

adopted at each AP in the first layer, we can compute the expectations in (23) in closed-form and derive

the closed-form SE expression as the following theorem.

Theorem 3. For MR combining Vmk = Ĥmk, the achievable SE for UE k in Level 3 with MMSE-SIC

detectors can be computed in closed-form as

SE
(3)
k =

(

1− τp
τc

)

log2

∣
∣
∣IN +DH

k,(3)Σ
−1
k,(3)Dk,(3)

∣
∣
∣ , (27)

where Dk,(3) = AH
k ZkPk and Σk,(3) = AH

k (
∑K

l=1T
L3
kl,(1) +

∑

l∈Pk
TL3

kl,(2))Ak −Dk,(3)D
H
k,(3) + σ2AH

k SkAk

with Zk = [ZT
1k, · · · ,ZT

Mk]
T ∈ CMN×N and Sk = diag (Z1k, · · · ,ZMk) ∈ CMN×MN with the (n, n′)-

th element of Zmk ∈ CN×N being [Zmk]nn′ = tr(R̂n′n
mk ). Moreover, TL3

kl,(1) , diag(Γ
(1)
kl,1, · · · ,Γ

(1)
kl,M) ∈

CMN×MN and the (m,m′)-th submatrix of TL3
kl,(2) ∈ CMN×MN is

T
L3,mm′

kl,(2) =







Γ
(2)
kl,m − Γ

(1)
kl,m, m = m′

ΛmklP̄lΛm′lk, m 6= m′

(28)

where the (n, n′)-th element of Λmkl ∈ CN×N , Λm′lk ∈ CN×N , Γ
(1)
kl,m ∈ CN×N and Γ

(2)
kl,m ∈ CN×N are
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[Λmkl]nn′ = tr
(
Θn′n

mkl

)
, [Λm′lk]nn′ = tr

(
Θn′n

m′lk

)
, [Γ

(1)
kl,m]nn′ =

∑N

i=1

∑N

i′=1 [P̄l]i′itr(R
i′i
mlR̂

n′n
mk ), and

[

Γ
(2)
kl,m

]

nn′

=

N∑

i=1

N∑

i′=1

[
P̄l

]

i′i

{

tr
(

Ri′i
mlF

n′n
mkl,(1)

)

+τ 2p

N∑

q1=1

N∑

q2=1

[

tr
(

F̃
q1n

mkl,(2)R̃
i′q2
ml R̃

q2i
ml F̃

n′q1
mkl,(2)

)

+ tr
(

F̃
q1n

mkl,(2)R̃
i′q2
ml

)

tr
(

F̃
n′q2
mkl,(2)R̃

q2i
ml

)]
}

,

(29)

with Θmkl = τpRmlP̃
H
l Ψ

−1
mkP̃kRmk, Θm′lk = τpRm′kP̃

H
k Ψ

−1
m′kP̃lRm′l, Fmkl,(1) = τpSmk(Ψmk−τpP̃lRmlP̃

H
l )S

H
mk,

Smk = RmkP̃
H
k Ψ

−1
mk, Fmkl,(2) = SmkP̃lRmlP̃

H
l S

H
mk, R̃ni

ml and F̃ni
mkl,(2) being (n, i)-submatrix of R

1
2
ml and

F
1
2

mkl,(2), respectively. The LSFD coefficient matrix in (24) can also be computed in closed-form as

Ak =

(
K∑

l=1

TL3
kl,(1) +

∑

l∈Pk

TL3
kl,(2) + σ2Sk

)−1

ZkPk. (30)

Proof. The proof is given in Appendix D.

C. Level 2: Local Processing & Simple Centralized Decoding

The so-called LSFD method in Level 3 requires a number of the large-scale fading parameters knowledge

which may be very large in CF mMIMO. For simplicity, the CPU can alternatively weight the local

estimates {x̃mk: m=1,· · ·,M} by taking the average of them to obtain the final decoding symbol as

x̂k =
∑M

m=1
1
M
x̃mk. Note that x̂k can also be derived from (21) by setting Amk = 1

M
IN so we can obtain

an achievable SE of UE k for Level 2 as the following corollary.

Corollary 3. An achievable SE for UE k in Level 2 with MMSE-SIC detectors is

SE
(2)
k =

(

1− τp
τc

)

log2

∣
∣
∣IN +DH

k,(2)Σ
−1
k,(2)Dk,(2)

∣
∣
∣ , (31)

where Dk,(2) ,
∑M

m=1 E{VH
mkHmk}Pk and Σk,(2) ,

∑K

l=1

∑M

m=1

∑M

m′=1 E{VH
mkHmlP̄lH

H
m′lVm′k} −

Dk,(2)D
H
k,(2) +

∑M

m=1 E{VH
mknmn

H
mVmk}.

Any combining scheme like MR combining Vmk = Ĥmk or L-MMSE combining as (20) is available

for (31). If MR combining is applied at each AP, we can also derive the closed-form SE expression as

the following theorem.

Theorem 4. For MR combining Vmk = Ĥmk, we can derive the closed-form SE expression in Level 2
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with MMSE-SIC detectors as

SE
(2)
k =

(

1− τp
τc

)

log2

∣
∣
∣IN +DH

k,(2)Σ
−1
k,(2)Dk,(2)

∣
∣
∣ , (32)

where Dk,(2) =
∑M

m=1 ZmkPk and Σk,(2) =
∑K

l=1T
L2
kl,(1) +

∑

l∈Pk
TL2

kl,(2) − Dk,(2)D
H
k,(2) + σ2

∑M

m=1 Zmk

with TL2
kl,(1) =

∑M

m=1 Γ
(1)
kl,m and TL2

kl,(2) =
∑M

m=1

(

Γ
(2)
kl,m − Γ

(1)
kl,m

)

+
∑M

m=1

∑M

m′=1,m6=m′ ΛmklP̄lΛm′lk.

Definitions of matrices above are the same as that of Theorem 3.

Note that this processing scheme was widely investigated in existing works on CF mMIMO with multi-

antenna UEs, e.g. [4], [10], [12], but relies upon overly idealistic assumption of i.i.d. Rayleigh fading

channels. The results derived in this subsection hold for arbitrary channel structures (arbitrary Rmk),

so can easily reduce to the i.i.d. Rayleigh fading channel by changing Wmk to be (7). Then, we have

Hmk =
√
βmkHmk,iid, Rmk = βmkILN , Ψmk =

∑

l∈Pk
βmlτpΩ̃lΩ̃

H
l +σ2ILN and R̂mk = τpβ

2
mkΩ̃

H
k Ψ

−1
mkΩ̃k,

respectively. So we can derive the corresponding SE expressions based on i.i.d. Rayleigh fading channels

by plugging above terms in Theorem 4.

D. Level 1: Small-Cell Network

As for the last processing scheme, both the channel estimation and signal decoding are implemented

locally in one particular AP. The decoding can be done locally by APs using local channel estimates so

nothing is exchanged to the CPU. In this case, the CF mMIMO network is truly distributed and turns into

a small-cell network. As in [5], the macro-diversity is achieved by selecting the best AP that achieves the

highest SE to a specific UE. The achievable SE of UE k at Level 1 is given as follows.

Corollary 4. An achievable SE for UE k in Level 1 with MMSE-SIC detectors is given by

SE
(1)
k = max

m∈{1,··· ,M}

(

1− τp
τc

)

E

{

log2

∣
∣
∣IN +DH

mk,(1)Σ
−1
mk,(1)Dmk,(1)

∣
∣
∣

}

︸ ︷︷ ︸

,SE
(1)
mk

, (33)

where Dmk,(1) , VH
mkĤmkPk and Σk,(1) , VH

mk(
∑K

l=1 (ĤmlP̄lĤ
H
ml +C′

ml)− ĤmkP̄kĤ
H
mk + σ2IL)Vmk.

The maximum value of SE
(1)
mk is achieved with L-MMSE combining matrix by (20) as

SE
(1)
mk =

(

1− τp
τc

)

E






log2

∣
∣
∣
∣
∣
∣

IN +PH
k Ĥ

H
mk

(
K∑

l=1,l 6=k

ĤmlP̄lĤ
H
ml +

K∑

l=1

C′
ml + σ2IL

)−1

ĤmkPk

∣
∣
∣
∣
∣
∣






. (34)
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Proof. We can view this scenario as Corollary 1 with one particular AP decoding the signal. So we can

compute the achievable SE and obtain the maximum value in the same way as Theorem 1.

Remark 3. We notice that any combining scheme like MR combining or MMSE (L-MMSE) combining

can be adopted in Level 4 to Level 1 and all the achievable SE expressions can be computed using Monte-

Carlo simulations. As for Level 3 and Level 2, we can derive the closed-form SE expressions with MR

combining as (27) and (32). However, as for the L-MMSE combining, we can not derive a closed-form

SE expression due to the inverse matrix that contains random matrices.

Remark 4. All results derived in this section are applicable for any Rayleigh fading channel model

hmk ∼ NC (0,Rmk) with arbitrary forms of Rmk, such as some special cases described in Section II-B,

so undoubtedly provide many important guidance for the performance analysis of the CF mMIMO system

with multi-antenna UEs.

Remark 5. Note that all expressions based on multi-antenna UEs are not simple extensions from the

results of single-antenna UEs in [5]. The presented analysis is implemented in the matrix domain, and

we detect the data vector x̌k or x̃mk instead of detecting the data symbol at each antenna separately as

[10], [12]3 and we derive the achievable SE expressions based on the mutual information theory in [27].

More importantly, the feasibilities of conclusions in [5] based on single-antenna UEs are validated in this

paper with the setting of multi-antenna UEs, such as the optimality of MMSE combining for maximizing

the SE
(4)
k and the optimality of the LSFD scheme for maximizing the SE

(3)
k .

IV. NUMERICAL RESULTS

We consider APs and UEs are uniformly distributed in a 1 × 1 km2 area with a wrap-around scheme

[22]. The pathloss is computed by the COST 321 Walfish-Ikegami model as βmk [dB] = −34.53 −
38 log10 (dmk/1m) + Fmk, where dmk is the distance between AP m and UE k (taking an 11m height

difference into account). We model the shadow fading Fmk as in [2] with Fmk =
√

δfam +
√

1− δfbk,

where am ∼ N (0, δ2sf) and bk ∼ N (0, δ2sf) are independent random variables and δf is the shadow fading

parameter. The covariance functions of am and bk are E{amam′} = 2
−

d
mm′

ddc , E{bkbk′} = 2
−

d
kk′

ddc where

dmm′ and dkk′ are the geographical distances between AP m-AP m′ and UE k-UE k′, respectively, ddc is

the decorrelation distance depending on the environment. Let δf = 0.5, ddc = 100m and δsf = 8 [9].

3Under the setting in [10], [12], for the fully centralized processing, the data symbol transmitted by the n-th antenna of UE k is detected

separately as x̌k,n = vH
k,ny, where x̌k,n is the detect of the data transmitted by the n-th antenna of UE k and vk,n ∈ C

LM is an arbitrary

receive combining vector for the n-th antenna of UE k. Under this setting, we treat each antenna at a UE as a separate “virtual” UE when

it comes to the data transmission and can follow the similar methods in [5] to derive the achievable SE expressions.
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In practice, Umk,r and Umk,t are estimated through measurements [21]. But for numerical simulations

in this paper, we generate Umk,r and Umk,t randomly. As for the coupling matrix Wmk, we have [24]

Wmk = βmk








LN
2

a11×(N−1)

a1(L−1)×1 a1(L−1)×(N−1)








(35)

for the jointly-correlated Rayleigh fading channel with a , LN
2(LN−1)

. We investigate communication with

20MHz bandwidth and σ2 = −94 dBm noise power. All the UEs transmit with the power 200mW and

the power is assumed to be divided equally between the N antennas of each UE, that is Ωk = Pk =
1
N
IN .

Besides, each coherence block contains τc = 200 channel uses and τp = KN , unless mentioned. Moreover,

an effective pilot assignment approach based on the full correlation matrix Rmk is implemented, where

first ⌊τp/N⌋ UEs are assigned with each pilot matrix randomly and other UEs are assigned with their

pilot matrices that achieve the least interference to UEs in the current pilot set.

Remark 6. The coupling matrix in (35) has one entry scaled with O (LN), which means that there are

dominant transmit-receive eigenpairs capturing half of the channel power. The remaining channel power

is assumed to be divided equally to the other entries in the coupling matrix.

A. Effects of the Number of Antennas Per UE

We firstly investigate the effects of the number of antennas per UE. Figure 4 shows the complementary

cumulative distribution function (CCDF) of the per-user SE for four processing schemes investigated in

this paper over MMSE (L-MMSE) combining and MR combining with M = 40, K = 20 and L = 4. For

MMSE or L-MMSE combining shown in Fig. 4 (a), we observe that Level 4 undoubtedly outperforms

other schemes since it can suppress the interference by all the collective channel estimates through MMSE

combining and MMSE-SIC detectors. For MR combing, compared to Fig. 4 (a), all processing schemes

except Level 1 suffer from a large SE loss, since MR combining can not suppress the interference

effectively. Besides, for Level 3 and Level 2, markers “◦” generated by analytical results in (27) and

(32) overlap with the curves generated by simulations, respectively, validating the accuracy of our derived

closed-form SE expressions. Moreover, the performance gap between Level 2 and Level 3 for L-MMSE

combining is smaller than that of MR combining, which indicates the combination of L-MMSE combining

and MMSE-SIC detector is effective for Level 2 to achieve the approaching SE performance to Level 3.
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Fig. 4: CCDF of SE per UE for MMSE (L-MMSE) combining and MR combining with M = 40, K = 20
and L = 4.

Figure 5 shows the 80%-likely per-user SE as a function of the number of antennas per UE N for four

processing schemes over MMSE (L-MMSE) combining and MR combining with M = 40, K = 20 and

L = 4. From the view of 80% likely SE points, when using MMSE or L-MMSE combining, we observe

that Level 4 outperforms other schemes, while Level 1 gives the lowest SEs. Besides, the performance gap

between Level 3 and Level 2 using L-MMSE combining is smaller than that of MR combining. When

using MR combining, Level 3 achieves the highest SEs, while Level 4 gives a poor SE performance.

Moreover, we notice that the SEs reach the maximum values with particular “N∗” noted in the figures,

then decrease with the increase of N . This phenomenon indicates that the increase of the number of

antennas per UE may give rise to the SE degradation. The reason for this performance degradation is that

increasing N will reduce the pre-log factor (τc − τp) /τc in SE expressions and the decrease incurred by

the pre-log factor outweighs the gain in having more antennas at the UE-side. Besides, without any uplink

precoding scheme and power control method, UEs cannot make full use of having additional antennas

to achieve better SE performance. So it is vital to investigate the uplink precoding scheme and power

control method for CF mMIMO with multi-antenna UEs in the future work.

B. Effects of the Length of the Resource Block

In this subsection, we investigate the effects of the length of the resource block, such as the length of

the coherence block τc and the length of duration per coherence block for the pilot transmission τp. Figure

6 considers the average SE as a function of the number of antennas per UE N for Level 4 with MMSE
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Fig. 5: 80%-likely per-user SE for MMSE (L-MMSE) combining and MR combining as a function of N
with M = 40, K = 20 and L = 4.

combining over different τc. We notice that higher τc undoubtedly achieves higher SE for the increase of

the effective transmission ratio. Moreover, we observe that N∗ leading to the maximum SE increases as

τc increases, which indicates that the average SE benefits from additional UE antennas when the length

of the coherence block is long enough, otherwise, additional antennas may lead to the SE degradation.

Figure 7 shows the average SE as a function of N for Level 4 with MMSE combining over different

τp. Note that the fact that τp < KN leads to the pilot contamination. For the scenario with τp = KN/4,

the number of elements in Pk is 4, which means that every four UEs will be assigned with a similar pilot

matrix. With high N such as N = 6, the SE given by the scenario with no pilot contamination (τp = KN)

is lower than that of the scenario with the pilot contamination (τp = KN/4 or τp = KN/10). Moreover,

we can observe a trade-off between the pilot length and the SE performance: when N is small, higher

τp such as τp = KN can achieve better SE performance but the SE reduces with the increase of N after

reaching the maximum SE value with N∗. However, with lower τp such as τp = KN/10, the effective

transmission ratio (τc − τp) /τc reduces slowly with the increase of N so N∗ giving the maximum SE

value is higher than that of high τp. These important insights can also confirm that it is not always worth

increasing N since the increase of N may lead to the SE performance degradation.

C. Effects of the Number of UEs

Note that the number of the total data streams transmitted equals KN . For a particular number of data

streams KN , KN single-antenna UEs or fewer multi-antenna UEs can be scheduled. Figure 8 compares
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Fig. 6: Average SE against the number of antennas per UE for Level 4 with MMSE combining over

different τc with M = 40, K = 20 and L = 4.
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Fig. 7: Average SE against the number of antennas per UE for Level 4 with MMSE combining over

different τp with M = 40, K = 20 and L = 4.

the achievable sum SE as a function of the number of total UE antennas KN for Level 2 with MR

combining over different system implementations. Figure 8 shows that for any given KN , scheduling

KN single-antenna UEs is always beneficial. Besides, the achievable sum SE reaches the maximum

value with the optimal KN around 60.

Figure. 9 shows the average SE as a function of the number of antennas per UE N for Level 4 with

MMSE combining with M = 40, K = [5, 10, 20], and L = 4. We notice that, with a small or moderate

number of UEs compared with the number of APs and total antennas of APs (such as K = 5 or K = 10),

the average SE performance benefits from additional UE antennas compared with the scenario of a large

number of UEs (such as K = 20). With K = 5 or K = 10, compared with N = 1, equipping with 6
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Fig. 8: Sum SE against the number of total UE antennas for Level 2 with MR combining over M = 40,

K = 20 and L = 2.
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Fig. 9: Average SE for Level 4 over MMSE combining as a function of N with M = 40, K = [5, 10, 20]
and L = 4.

antennas per UE can achieve about 168% and 129% average SE improvement, respectively. So the SE

can greatly benefit from equipping with multiple UE antennas to increase the spatial multiplexing and SE

performance significantly in lightly or medium loaded systems with few UEs.

D. Impacts of Channel Models and the Number of Antennas Per AP

Next, we discuss the impacts of different channel models. The achievable sum SE as a function of the

number of APs M for the LSFD scheme with MR combining over different channel models is shown in

Fig. 10. As observed, the achievable sum SE undoubtedly increases with the increase of M . The Kronecker

model yields lower SE than the one of the Weichselberger model, for the reason for neglecting the joint
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Fig. 10: Sum SE against the number of APs for Level 3 over MR combining and different channel models

with K = 10, L = 4, N = 4 and τp = KN/2.
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Fig. 11: Average SE against the number of antennas per AP for Level 3 and Level 2 over L-MMSE

combining and MR combining with M = 40, K = 20, N = 2 and τp = KN/2.

spatial correlation feature of the channel. The uncorrelated Rayleigh fading channel achieves higher SE

than the one of the Weichselberger model. Besides, we investigate the SE performance over other channel

models related to the practical physical radio environments in Section II-B2. Note that Wmk with only a

single row achieves the lowest SE performance since only a single eigenmode at the AP is active [21].

Furthermore, we notice that markers “×” generated by analytical results overlap with the curves generated

by simulations, respectively, which verifies the accuracy of our derived SE closed-form expressions and,

more importantly, implies that our derived expressions hold for any Rayleigh fading channel models.

Figure 11 shows the achievable average SE as a function of the number of antennas per AP for Level 3

and Level 2 over L-MMSE combining and MR combining with M = 40, K = 20, N = 2 and τp = KN/2.
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We notice that the performance gap between L-MMSE combining and MR combining becomes larger

with the increase of L. Besides, markers “×” generated by analytical results in (27) and (32) overlap with

the curves generated by simulations, respectively, validating again the accuracy of our derived closed-form

SE expressions with pilot contamination.

V. CONCLUSIONS

In this paper, we investigate the uplink SE performance of a CF mMIMO system with both APs and

UEs equipped with multiple antennas over the jointly-correlated (or the Weichselberger model) Rayleigh

fading channel. We consider four different implementations of CF mMIMO from fully centralized to

fully distributed with multi-antenna UEs and derive achievable SE expressions with MMSE-SIC detectors

for any combining scheme. Then based on different CSI, we design MMSE combining matrix with full

CSI and local MMSE combining matrix with local CSI. Moreover, we prove the optimality for MMSE

combining in Level 4, L-MMSE combining in Level 1, and the optimal LSFD coefficients matrix in

Level 3 to maximize the respective achievable SE. Besides, with MR combining, we compute the novel

closed-form SE expressions for Level 3 and Level 2. In numerical results, we investigate the impact

of the number of antennas per UE and compare the SE performance for different processing schemes,

combining schemes and channel models. It is greatly important to find that additional UE antennas may

degrade the SE performance. And additional UE antennas are beneficial to the SE performance in lightly

or medium loaded systems with few UEs. In the future work, we will investigate the uplink precoding

scheme with multi-antenna UEs, the power control and allocation scheme for multi-antenna UEs, and

scalable CF mMIMO systems with multi-antenna UEs.

APPENDIX

A. Proof of Corollary 1

Note that (16) can be rewritten as x̌k = VH
k HkPkxk +

∑K

l 6=k V
H
k HlPlxl +VH

k n. So according to the

definition of mutual information, we have [26]

I(xk; x̌k, Ĥk) = h(xk|Ĥk)− h(xk|x̌k, Ĥk), (36)

where h (·) denotes the differential entropy. Choosing the potentially suboptimal xk ∼ NC (0, IN) yields

h (xk) = log2 |πeIN | . (37)
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Then, the MMSE estimate of xk given x̌k and Ĥk is

x̄k = E{VH
k HkPk|Ĥk}E{x̌kx̌

H
k |Ĥk}−1x̌k

= Dk,(4)Σ̄
−1
k,(4)x̌k,

(38)

where Dk,(4) = E{VH
k HkPk|Ĥk} = VH

k ĤkPk, Σ̄k,(4) = E{x̌kx̌
H
k |Ĥk} = VH

k (
∑K

l=1 ĤlP̄lĤ
H
l +
∑K

l=1C
′
l+

σ2IML)Vk, and C′
l = E{H̃lP̄lH̃

H
l } = diag(C′

1l, · · · ,C′
Ml) with (j, q)-th element of C′

ml = E{H̃mlP̄lH̃
H
ml}

being [C′
ml]jq = E{H̃mlP̄lH̃

H
ml} =

∑N

p1=1

∑N

p2=1

[
P̄l

]

p2p1
[Cp2p1

ml ]jq. Moreover, let x̃k = xk − x̂k denote

the estimation error of xk, then h(xk|x̌k, Ĥk) is upper bounded by

h(xk|x̌k, Ĥk) 6 E{log2 |πeE{x̃kx̃
H
k |Ĥk}|}

= E{log2 |πe(IN −Dk,(4)Σ̄
−1
k,(4)D

H
k,(4))|}.

(39)

Plugging (37) and (39) into (36) and using the matrix inversion lemma, we have

I(xk; x̌k, Ĥk) > E{log2 |IN +DH
k,(4)Σ

−1
k,(4)Dk,(4)|}, (40)

where Σk,(4) = VH
k (
∑K

l=1 ĤlP̄lĤ
H
l +

∑K

l=1C
′
l+σ2IML)Vk−Dk,(4)D

H
k,(4). So we can derive an achievable

SE of UE k as (17).

B. Proof of Theorem 1

Following from [28], we can rewrite the received signal in (15) as

y = ĤkPkxk + H̃kPkxk +
K∑

l 6=k

HlPlxl + n

︸ ︷︷ ︸
v

,
(41)

where v , H̃kPkxk +
∑K

l 6=k HlPlxl+n is a complex circular symmetric colored noise with an invertible

covariance matrix

Ξk = E{vvH |Ĥk}

=
K∑

l=1

ĤlP̄lĤ
H
l − ĤkP̄kĤ

H
k +

K∑

l=1

C′
l + σ2IML.

(42)

We firstly whiten the noise as

Ξ
− 1

2
k y = Ξ

− 1
2

k ĤkPkxk + ṽ, (43)

where ṽ , Ξ
− 1

2
k v becomes white.
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Next, we project (43) in the direction of Ξ
− 1

2
k ĤkPk to get an effective scalar channel as

(Ξ
− 1

2
k ĤkPk)

HΞ
− 1

2
k y = (ĤkPk)

HΞ−1
k · (ĤkPkxk + v). (44)

Finally, the optimal receive combining matrix can be represented as

Vk = Ξ−1
k ĤkPk

=

(
K∑

l=1

ĤlP̄lĤ
H
l −ĤkP̄kĤ

H
k +

K∑

l=1

C′
l+σ2IML

)−1

ĤkPk.
(45)

According to the matrix inversion lemma, we can proof that the combining matrix in (45) is equivalent

to the MMSE combining matrix in (18) except from having another scaling matrix [22]. Note that the SE

in (17) does change if we scale Vk by any non-zero scalar, so the so-called MMSE combining matrix

minimizing the MSE as

Vk =

(
K∑

l=1

(

ĤlP̄lĤ
H
l +C′

l

)

+ σ2IML

)−1

ĤkPk (46)

can also lead to the maximum SE value as

SE
(4)
k =

(

1− τp
τc

)

E






log2

∣
∣
∣
∣
∣
∣

IN +PH
k Ĥ

H
k

(
K∑

l=1,l 6=k

ĤlP̄lĤ
H
l +

K∑

l=1

C′
l + σ2IML

)−1

ĤkPk

∣
∣
∣
∣
∣
∣






. (47)

C. Proof of the minimization of MSELSFD
k by (24)

Note that MSELSFD
k = E{‖xk − x̂k‖2|Θ} = tr(E

{
(xk − x̂k)(xk − x̂k)

H |Θ}) can be denoted as

MSELSFD
k = tr

(
E
{
xkx

H
k |Θ

}
− E

{
xkx̂

H
k |Θ

}
− E

{
x̂kx

H
k |Θ

}
+ E

{
x̂kx̂

H
k |Θ

})

= tr

(

IN −PH
k E
{
GH

kk

}
Ak −AH

k E {Gkk}Pk +
K∑

l=1

AH
k E
{
GklP̄lGkl

}
Ak

)

.
(48)

By computing the partial derivation of MSELSFD
k with respect to AH

k , we observe that Ak that minimizes

MSELSFD
k has the similar form of (24).

D. Proof of Theorem 2

In this part, we compute the closed-form SE expression for Level 3 based on MR combining Vmk =

Ĥmk and MMSE-SIC detectors.
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We begin with the first term Dk,(3) = AH
k E{Gkk}Pk with E{Gkk} = [E{VH

1kH1k}; · · · ;E{VH
MkHMk}] =

[Z1k; · · · ;ZMk], where Zmk = E{VH
mkHmk} = E{ĤH

mkĤmk} ∈ CN×N and the (n, n′)-th element of Zmk

can be denoted as [Zmk]nn′ = E{ĥH
mk,nĥmk,n′} = tr(R̂n′n

mk ).

Then, we compute the second term Sk ∈ CMN×MN as

Sk = diag(E{VH
1kV1k}, · · · ,E{VH

MkVMk})

= diag(Z1k, · · · ,ZMk).
(49)

The last term in the denominator E{GklP̄lG
H
kl} ∈ C

MN×MN can be written as

E
{
GklP̄lG

H
kl

}
=













E
{
VH

1kH1lP̄lH
H
1lV1k

}
· · · E

{
VH

1kH1lP̄lH
H
MlVMk

}

...
. . .

...

E
{
VH

MkHMlP̄lH
H
1lV1k

}
· · · E

{
VH

MkHMlP̄lH
H
MlVMk

}













, (50)

and the (m,m′)-submatrix of E{GklP̄lG
H
kl} is E{VH

mkHmlP̄lH
H
m′lVm′k}. Then we can compute

E{VH
mkHmlP̄lH

H
m′lVm′k} for all possible AP and UE combinations.

Case 1: m 6= m′, l /∈ Pk

We have E{VH
mkHmlP̄lH

H
m′lVm′k} = 0 since Vmk and Hml are independent and both have zero mean.

Case 2: m 6= m′, l ∈ Pk

We can obtain E{VH
mkHmlP̄lH

H
m′lVm′k} = E{VH

mkHml}P̄lE{HH
m′lVm′k} = ΛmklP̄lΛm′lk for the

independence of E{VH
mkHml} and E{HH

m′lVm′k}. We notice that

Λmkl = E{VH
mkHml} = E{ĤH

mkĤml}

=













tr (Θ11
mkl) · · · tr

(
ΘN1

mkl

)

...
. . .

...

tr
(
Θ1N

mkl

)
· · · tr

(
ΘNN

mkl

)













,
(51)
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Λm′lk = E{HH
m′lVm′k} = E{ĤH

m′lĤm′k}

=













tr (Θ11
m′lk) · · · tr

(
ΘN1

m′lk

)

...
. . .

...

tr
(
Θ1N

m′lk

)
· · · tr

(
ΘNN

m′lk

)













(52)

where Θmkl , E{ĥmlĥ
H
mk} = τpRmlΩ̃

H
l Ψ

−1
mkΩ̃kRmk and Θm′lk , E{ĥm′kĥ

H
m′l} = τpRm′kΩ̃

H
k Ψ

−1
m′kΩ̃lRm′l.

Case 3: m = m′, l /∈ Pk

In this case, the channel estimate Ĥmk and Hml are independent and Γ
(1)
mkl , E

{
VH

mkHmlP̄lH
H
mlVmk

}
∈

C
N×N whose (n, n′)-th element can be denoted as [Γ

(1)
mkl]nn′ =

∑N

i=1

∑N

i′=1 [P̄l]i′iE{ĥH
mk,nhml,i′h

H
ml,iĥmk,n′}

Notice that ĥmk and hml are independent, we have

E{ĥH
mk,nhml,i′h

H
ml,iĥmk,n′}

= tr(E{hml,i′h
H
ml,i}E{ĥmk,n′ĥH

mk,n}) = tr(Ri′i
mlR̂

n′n
mk ).

(53)

So, we can derive
[

Γ
(1)
mkl

]

nn′

=
N∑

i=1

N∑

i′=1

[
P̄l

]

i′i
tr
(

Ri′i
mlR̂

n′n
mk

)

. (54)

Case 4: m = m′, l ∈ Pk

In this case, the channel estimate Ĥmk and Hml are no longer independent. We define Γ
(2)
mkl ,

E{VH
mkHmlP̄lH

H
mlVmk} ∈ CN×N whose (n, n′)-th element is

[

Γ
(2)
mkl

]

nn′

=
N∑

i=1

N∑

i′=1

[
P̄l

]

i′i
E

{

ĥH
mk,nhml,i′h

H
ml,iĥmk,n′

}

. (55)

Note that ĥmk and hml are no longer independent. Following the similar step in [29] and [14], let

x
p
mk , vec (Yp

mk) − τpΩ̃lvec (Hml) = y
p
mk − τpΩ̃lhml and Smk = RmkΩ̃

H
k Ψ

−1
mk, so we can decompose

E{|ĥH
mkhml|2} as

E

{∣
∣
∣ĥ

H
mkhml

∣
∣
∣

2
}

= E

{∣
∣
∣
∣

[

Smk

(

x
p
mk + τpΩ̃lhml

)]H

hml

∣
∣
∣
∣

2
}

= E

{∣
∣
∣(Smkx

p
mk)

H
hml

∣
∣
∣

2
}

+ τ 2pE

{∣
∣
∣
∣

(

SmkΩ̃lhml

)H

hml

∣
∣
∣
∣

2
}

.

(56)

We notice that Smkx
p
mk ∼ NC

(
0,Fmkl,(1)

)
and SmkΩ̃lhml ∼ NC

(
0,Fmkl,(2)

)
where Fmkl,(1) and
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Fmkl,(2) are given in

E{ĥH
mk,nhml,i′h

H
ml,iĥmk,n′} = E{[Smkx

p
mk]

H

n
hml,i′h

H
ml,i [Smkx

p
mk]n′}+ τ 2pE{[SmkΩ̃lhml]

H
n hml,i′h

H
ml,i[SmkΩ̃lhml]n′}.

(57)

Then, we can rewrite E{ĥH
mk,nhml,i′h

H
ml,iĥmk,n′} as







Fmkl,(1) = E

{

Smkx
p
mk (x

p
mk)

H
SH
mk

}

= τpSmk

(

Ψmk − τpΩ̃lRmlΩ̃
H
l

)

SH
mk,

Fmkl,(2) = E

{

SmkΩ̃lhmlh
H
mlΩ̃

H
l S

H
mk

}

= SmkΩ̃lRmlΩ̃
H
l S

H
mk,

(58)

where [v]n is {(n− 1)L+ 1 ∼ nL : n = 1, · · · , N}-th rows of v ∈ CLN .

For the first term, Smkx
p
mk and hml are independent, we have

E

{

[Smkx
p
mk]

H

n
hml,i′h

H
ml,i [Smkx

p
mk]n′

}

= tr
(

E
{
hml,i′h

H
ml,i

}
E

{

[Smkx
p
mk]n′ [Smkx

p
mk]

H

n

})

= tr
(

Ri′i
mlF

n′n
mkl,(1)

)

.

(59)

As for the second term, we can express [SmkΩ̃lhml]{n,n′} and hml,{i,i′} into the equivalent form [24]

as [SmkΩ̃lhml]n =
∑N

q=1 F̃
nq

mkl,(2)xq, [SmkΩ̃lhml]n′ =
∑N

q=1 F̃
n′q

mkl,(2)xq, hml,i =
∑N

q=1 R̃
iq
mlxq and hml,i′ =

∑N

q=1 R̃
i′q
mlxq, respectively, where F̃

nq

mkl,(2) denotes the (n, q)-submatrix of (Fmkl,(2))
1
2 , R̃

iq
ml denotes the

(i, q)-submatrix of R
1
2
ml and xq ∼ NC(0, IL), respectively. To make it clearer, we can rewrite hml as

hml =













hml,1

...

hml,N













= R
1
2
ml













x1

...

xN













=













R̃11
ml · · · R̃1N

ml

...
. . .

...

R̃N1
ml · · · R̃NN

ml

























x1

...

xN













, (60)

and we also have

R
ij
ml =

N∑

q=1

R̃
iq
ml(R̃

jq
ml)

H =
N∑

q=1

R̃
iq
mlR̃

qj
ml. (61)

So we can formulate the second term as

E

{[

SmkΩ̃
1
2
l hml

]H

n
hml,ih

H
ml,i

[

SmkΩ̃
1
2
l hml

]

n′

}

= E







(
N∑

q1=1

F̃
nq1
mkl,(2)xq1

)H ( N∑

q2=1

R̃
i′q2
ml xq2

)(
N∑

q3=1

R̃
iq3
mlxq3

)H ( N∑

q4=1

F̃
n′q4
mkl,(2)xq4

)




.

(62)
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According to [24], if at least one of qj , j = 1, · · · 4 is different from the others, (62) will be 0 for the

circular symmetry property and the zero mean value of xqj and (62) will be non-zero for the case of

q1 = q2, q3 = q4 and q1 = q4, q2 = q3. For “q1 = q2, q3 = q4”, (62) can be rewritten as

E







(
N∑

q1=1

xH
q1
F̃

q1n

mkl,(2)R̃
i′q1
ml xq1

)(
N∑

q3=1

xH
q3
F̃

q3n
′

mkl,(2)R̃
iq3
mlxq3

)H





=

N∑

q1=1

N∑

q3=1

tr
(

F̃
q1n

mkl,(2)R̃
i′q1
ml

)

tr
(

F̃
n′q3
mkl,(2)R̃

q3i
ml

)

.

(63)

For “q1 = q4, q2 = q3”, (62) can be rewritten as

E

{(
N∑

q1=1

xH
q1
F̃

q1n

mkl,(2)

)(
N∑

q2=1

R̃
i′q2
ml xq2x

H
q2
R̃

q2i

mkl,(2)

)(
N∑

q1=1

F̃
n′q1
mkl,(2)xq1

)}

=
N∑

q1=1

N∑

q2=1

tr
(

F̃
q1n

mkl,(2)R̃
i′q2
ml R̃

q2i
ml F̃

n′q1
mkl,(2)

)

.

(64)

In summary, plugging above results into (55), (55) can be denoted by

[

Γ
(2)
mkl

]

nn′

=
N∑

i=1

N∑

i′=1

[
P̄l

]

i′i

{

tr
(

Ri′i
mlF

n′n
mkl,(1)

)

+τ 2p

N∑

q1=1

N∑

q2=1

[

tr
(

F̃
q1n

mkl,(2)R̃
i′q2
ml R̃

q2i
mlF̃

n′q1
mkl,(2)

)

+ tr
(

F̃
q1n

mkl,(2)R̃
i′q1
ml

)

tr
(

F̃
n′q2
mkl,(2)R̃

q2i
ml

)]
}

.

(65)

Finally, combining all the cases, we can obtain

E
{
GklP̄lG

H
kl

}
= TL3

kl,(1) +







0, l /∈ Pk

TL3
kl,(2), l ∈ Pk

(66)

where TL3
kl,(1) = diag(Γ

(1)
kl,1, · · · ,Γ

(1)
kl,M) and the (m,m′)-th submatrix of TL3

kl,(2) ∈ CMN×MN is

T
L3,mm′

kl,(2) =







Γ
(2)
kl,m − Γ

(1)
kl,m, m = m′

ΛmklP̄lΛm′lk.m 6= m′

(67)
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[29] Ö. Özdogan, E. Björnson, and E. G. Larsson, “Massive MIMO with spatially correlated Rician fading channels,” IEEE Trans. Commun.,

vol. 67, no. 5, pp. 3234–3250, May 2019.


	I Introduction
	II System Model
	II-A Foundation of Weichselberger Rayleigh Fading Channels
	II-B Special Cases of Weichselberger Fading Channels
	II-B1 The Kronecker Channel Model
	II-B2 Practical Radio Environments
	II-B3 The I.I.D. Rayleigh Fading Channel

	II-C Uplink Transmission
	II-C1 Channel Estimation
	II-C2 Data Transmission


	III Four Signal Processing Schemes
	III-A Level 4: Fully Centralized Processing
	III-B Level 3: Local Processing & Large-Scale Fading Decoding
	III-C Level 2: Local Processing & Simple Centralized Decoding
	III-D Level 1: Small-Cell Network

	IV Numerical Results
	IV-A Effects of the Number of Antennas Per UE
	IV-B Effects of the Length of the Resource Block
	IV-C Effects of the Number of UEs
	IV-D Impacts of Channel Models and the Number of Antennas Per AP

	V Conclusions
	Appendix
	A Proof of Corollary 1
	B Proof of Theorem 1
	C Proof of the minimization of MSEkLSFD by (24)
	D Proof of Theorem 2

	References

